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FOREWORD

It is our distinct privilege to present this compendium of Numerical Methods and
Transform Techniques specially prepared for first-year B.Tech students under
the |-Scheme curriculum. Mathematics lies at the heart of all engineering
disciplines; this text aims to provide a rigorous yet accessible foundation in key
topics that underpin advanced courses in sciences and technology.

This volume has been structured to blend formal definitions, illustrative
examples, and a diverse set of exercises to foster both conceptual understanding
and problem-solving skills. The choice of topics, their organization, and the
pedagogical progression have been guided by the overarching objective of
aligning with the prescribed syllabus while addressing the needs of a varied
student cohort.

We extend our profound gratitude to Dr. R. Nagendra Babu, Principal, for
endorsing and supporting this endeavour; and to Dr. K. Kiran Kumar, Dean
(Academics), for the academic oversight, alignment with curriculum standards,
and encouragement throughout the development process. We are especially
thankful to Mr. V. J. Moses, Head of Department, Basic Sciences &
Humanities, for his leadership, motivation, and valuable feedback during the
preparation of this text. We are also indebted to our colleagues in the
Department of Mathematics, whose peer review, suggestions, and insights have
substantially enriched the clarity and correctness of the content. We likewise
acknowledge the administrative and technical staff for their assistance in editing,
formatting, and ensuring the timely publication of this material.

We anticipate that this text will serve as an indispensable companion to students
and faculty alike, promoting a deeper appreciation of mathematical rigor and
preparing students for onward challenges in their engineering journey.

Prepared by
Department of Mathematics / Course Team



Message from the Principal
Dr. R. Nagendra Babu

It gives me great pleasure to extend my greetings to all first-year B.Tech students as
you embark on your engineering journey. Mathematics is a critical pillar in every branch
of engineering, and in your formative years, a strong grounding in Linear Algebra &
Calculus will equip you with the analytic tools and logical rigor needed for advanced
study and innovation.

The material compiled in this text has been meticulously drafted to present concepts
clearly, illustrate their relevance with examples, and offer problems that challenge and
strengthen your understanding. | am confident that it will serve both as a guide and a
companion through your semester, helping you grow in mathematical maturity and
problem-solving ability.

| warmly acknowledge and thank the Department of Mathematics, under the leadership
of Mr. V. J. Moses, HOD, B.S. & H., and the academic support from Dr. K. Kiran
Kumar, Dean (Academics), for facilitating this work. Their commitment ensures that
our students receive superior academic resources.

My hope is that as you engage with this text, you cultivate perseverance, intellectual
curiosity, and discipline. | encourage you to use this as more than a textbook—as a
stepping stone to critical thinking, innovation, and lifelong learning.

Wishing you success and fulfillment in your academic endeavors.

Dr. R. Nagendra Babu
Principal
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Message from the Dean (Academics)
Dr. K. Kiran Kumar

| extend my warm greetings to all first-year B.Tech students as you begin this important
stage of your academic journey. Mastery in mathematics furnishes an essential
foundation for engineering studies, and competence in Numerical Methods and
Tramsform Techniques in particular will support your success in diverse disciplines—
be it electronics, mechanics, computer science, or civil engineering.

This course material has been carefully compiled to present topics with clarity, integrate
illustrative examples, and introduce exercises that will progressively challenge your
understanding and problem-solving skills. | trust that it will serve as a reliable academic
tool for both students and faculty.

| also take this opportunity to commend the Department of Mathematics, led by Mr. V. J.
Moses, HOD (B.S. & H.), for their dedicated efforts in content development, peer
review, and pedagogical alignment. Their perseverance and scholarly integrity have
elevated the quality of this text.

| encourage every student to engage with the material thoroughly, attempt each
exercise, and not hesitate in seeking clarification when needed. Let curiosity guide you
and discipline sustain you. May this textbook be a stepping stone towards deeper
learning and academic excellence.

Dr. K. Kiran Kumar
Dean (Academics)



WHY SHOULD WE LEARN NUMERICAL METHODS AND TRANSFORM TECHNIQUES?
APPLICATIONS OF NUMERICAL METHODS AND TRANSFORM TECHNIQUES
Numerical methods and transform techniques are both computational tools
used to solve mathematical problems, but they approach the task

differently. Numerical methods use approximation algorithms, like

the Euler method or Runge-Kutta methods, to find approximate answers to
problems that are too complex for an exact analytical solution. Transform
techniques convert a problem from one representation to another, such as
using the Fourier Transform to convert a time-domain signal to a
frequency-domain signal, to make it easier to solve, often using an efficient
algorithm like the Fast Fourier Transform

What it does

Decomposes signals: It decomposes a complex signal into a sum of
simple oscillating functions, like sines and cosines.

Changes domain: It transforms a signal from its original domain (like time)
into its frequency domain, where you can see the frequencies that make it
up.

Generalizes Fourier Series: It extends the concept of the Fourier Series to
non-periodic functions, while the series is specifically for periodic functions.

How it is used

Signal processing: It is fundamental to digital signal processing, where
the Discrete Fourier Transform (DFT) and its efficient implementation,
the Fast Fourier Transform (FFT), are used to analyze and manipulate
digital signals.

Image processing: It can be used to decompose an image into its
frequency components, which can be useful for tasks like image filtering
and compression.

Other applications: It is used in various engineering and physics fields,
including RADAR, to analyze and process signals.

These words are explains by Mr.P.DASU, ME HoD
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NUMERICAL METITCNS AND TRANSFOM TECHNIQUES

Course Objectives:
To clucidate the difforent numerical methods 1o solve nonlinear alpebriie squations

-
To disgeminaie the wse of difTerend numerical fechnigues Tor enrrying oul mimcrical

infcqration.
To furnish the learners with basic conceplz and technigues a1 plus two level 10 lead

them into advanced level by handling various real world applications.

Course Quteomes:

Evaluate the approximate roots of polynomial and transcendental equations by
differemt algorithms.  Apply Newton's forward & backward interpolation  and

Lagrange’s formulae for equal and unequal intervals (L3
Apply numerical integral techniques 1o differemt  Engineering problems.  Apply
different algorithms for approximating the solutions of oedinary differential equations
with inihal conditions to s analytical computations (L3}

3. Apply the Laplace transform for solving differential equations  {L3)

Find or compute the Fourier series of periodic signals (L3)

Know and be able to apply integral expressions for the forwards and inverse Fourner

L

-

transform to a range of non-periodic waveforms (L3)

UNIT — It Iterative Methods:
Introduction = Solutions of algebraic and transcendental ecquations: Bisection method -

Secant method — Method of false position — Iteration method — Newton-Raplson method { One

variable &Simullaneous Equations)
Interpolation: Newlon's forward and backward formulac  for
differences-Bassels® Stirling formulas- Interpolation with unequal intervals — Lagrange's

interpolation formula

interpolation. —Centml

UNIT = II: Numerical integration, Solotion of ordinary  dilferential cquations  with

initial conditions:

Trapezoidal rule— Simpson’s 173 and 3/8"
Taylor's series— Picard"s method of successive approximntions

Single step method- Euler's method ~Modified Euler’s method-Runge- kuta method (second

mile— Solution of ivitind value problems by

and fourth order)
Multi step method ~Milne's Predictor and Corrector Method.
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UNIT =111z Laplace Transforms: . :
Definition of Laplace transform - Laplace iransforms of slandard functions — Properiies of
Unit step

Laplace Transloring — Shifting (heorems-Translforms of derivatives and integrals —
function — Dirac's delta function — Inverse Laplace transforms — Convolution theorem  (with

ouf proal],
Applications: Solving ordinary differential cquations (initial value problems& bounda
problems) and integro differential equations using Laplace transforms.

ry valie

UNIT = IV: Fourier scries:
Introduction— Periodic functions — Fourier series of periodic function —Dirichlet's conditions

_ Even and odd functions ~Change of interval— Hall-range sine and cosine series.

UNIT = V: Fourier Transforms:
Fourier integral theorem {without proof) — Fourier sine and cosine integrals — Infinite Fourer

transforms — Sine and cosine transforms - Properties— Inverse wransforms — Convolution

iheorem (without proaf) = Finite Fourier Cosine& sine iransforms.

Texi Books:
1. B.S. Grewal, Higher Engineering Mathematics, 44™ Edition, Khanna Publishers.
2. B. Y. Ramana,Higher Engincering Mathematics, 2007 Edition, Tata Me. Graw Hill

Education
Reference Books:

Erwin Kreyszig, Advanced Engineering Mathematics, 10" Edition, Wiley-India.

1

2, Steven C. Chapra, Applied Numerical Methods with MATLAB for Engineering and
Seience, Tata Mc. Graw Hill Education.

3, M. K Jain, S.R.K. Iyengar and R.K. Jain, Numerical Methods for Scientific and

Enginecring Compulation, New Age Intermational Publications,
4, Lawrence Turyn,Advanced Engincering Mathematics, CRC D'ress.
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© petermination of roots of an equation of the form f(x) =0 has great importance in the

gelds of science 1and Engineering. In this chapler we consider some simple methods of
baining approximate roots of algebraic and transcendental equations.

numerical methods are often, of a repetitive nature. These consist in repeated execution
J[the same process where at each step the result of the preceding step is used. This is
(own a8 iferation process and is repeated till the result is obtained to a desired degree of

accuracy-
42 DEFI NITIONS

1. Polynomial Function :
A function f(x) is said to be a polynomial function if f(x) is a polynomialin x.

ie. f(x)=agx" +aix" +...+a,_x+a,, where ag =0, the coefficients ap,ay,....a,
rereal constants and » is a non-negative integer.
2, Algebraic Function :

A function which is a sum or difference or product of two polynomials is called an
dvebraic function; otherwise, the function is called a transcendental or non-algebraic
[enction.

If f(x)is an algebraic function, then the equation f(x)="0iscalled an algebraic equation.

If f(x)is a transcendental function, then the equation f(x)=0 is called a
ranscendental equation. 3

€E flx)=ce" +eye " =0, f(-*-‘]'=3—'1':'!¥"%=“1 f(I]=E5'r-fE—+3=ﬂ

are examples of transcendental equations.

3. Algebraic Equation :

Analgebraic equation of degree n is agx” + apx"™ ayx""* 4ot gy X+ @, =0 where
%4a,,.....,a, are real constants and ay # 0.

4. Transcendental Fquation @
Transcendental equalions are non-algebraic equations involving ranscendental functions
a5 EHFD"EHHHL ]ugarithml'ﬂ, 1_rigﬂﬂﬂﬂ]ﬂ{l’il: ﬂl'h}"p'-:rhﬂ'l Ic !,kll:'l.l.'{llijl'l'."LJ

; T _n. S L =
“8 f(x)=ge” +cpe™ =05 f{.r}=1|ﬂE-f‘E-ﬂ. Jx)=« 1":,—'*3-“‘

Wich

are gy amp les of transcende ntal equa Lions,
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5. Root of an equation :

A number g (real or complex) is called a root (or solution) of an equatigp N )=y
if

i

fla}=0. Wealso say that « is a zero of the function f(x). Geometrically, the roots o

equation are the abscissae of the points where the graph of y = f(x) cuts the X =Axjs
The roots of the equation f(x}=0can be obtained by the following twg Methoge
4.3 ITERATIVE METHODS

In the following section of this chapter, we deal with a number of iteratjy,
The basic idea behind these methods is explained here.

Suppose,; we have Lo find a root o of the equation f(x)=0. Let xp be an approy jmatj.g“

rllf:ll'“;,dSL

o «. Using xp, we generate a sequence of numbers x,xy,...... Under certain condijgy,

this sequence converges to the root a. The method of generating better ang
approximation from an initial guess is called an Iteration method,
Order of Convergence :

betg,

Let g; =x; —o be the error in the i stage. If the sequence ix;} converges o t, theg

G |

the sequence {g;} converges to 0. Suppose error g is related to €., = x;,, —u by a formy), !

|&s1 1=k ig; |P, where & are p are costants k>0, p =1, then we say that the COnverpeng

is of order p. _
If p=1, the convergence is said to be linear.
If p=2,the convergence is said to be gquadratic.

If p=3, the convergence is said to be cubic,

We can clearly see that the convergence is faster if k is small and P is large,
4.4 DIRECT METHOD

We are familiar with the solution of the polynomial equations such as linear equaticn

ar+b=0,and quadratic equation ax” +bx + ¢ = 0, using direct methods or analytical methods
Analytical methods for the solution of cubic and biquadratic equations are also availablz.

However polynomial equations of degree greater than 4 are not solvable by analytical methods

Analytical methods are not useful in solvin £ most of transcendental equations.
4.5 BISECTION METHOD

Bisection method is a simple iteration method to solve an equation. This method isal®
known as Bolzano method of successive bisection. Some times it is referred to as hali-

interval method. Suppose we know an equation of the form f(x)=0 has exactly one el

root between two real numbers xg. % . The number is choosen such that Fixp) and fin}

will have opposite sign. Let us bisect the interval |

%5, ] into two half intervals and find
.I.'n + I'I y
2

mid point x; =

then the root lies between xy and x,. The

lies in the interval [x;,x].

- IF f{x3) =0 then xs 18 aroot, 1f S(x) and f{x) have same $igf |

interval is taken as I-“‘u--\'z]. Otherwise the

s



olution of Algebraic and Transcendental Equations G

R epcﬂtil}g the process of bisection, we obtain suct:c:sE-:ivn _ﬂuhinluwals which are smaller.
\( cach iteration, we get the mid-point as a better approximation of the root. This process is
:crtﬂiﬂﬂ":d when interval is smaller than the desired accuracy. This is also called as "Interyal

Halving method”. ;
convergence of Bisection Method :

In the above process, lel x,, be the iterative value and a is the rool, then the length of

b-a
E."I'-I

e interval which contains x,, and o is

b —
pes |_1-m_.:115_?_" D

As m —» o, X, —»a proving the convergence that the sequence x; tends to the root a,

Let &, denote the error in " stage ie., ¢ =¥ ~a.

From (1), with m =i and i+1, we obtain |€;,, |5]E|E,.i,

Hence the convergence of the Bisection method is linear.
Note : If the error is to be made less than a small + ve quantity &, from (1), we find

h=g
b-a n(*5)
—<b (or) m>—Y 2
4id fn2

This formula is useful for determining the number of bisections needed to achieve a desired

acCUracy.
Merits and Demerits of Bise_u:tinn method :

1. The formula used to compute the root is very simple.
2. The method converges definitely but the convergence is linear.

3. The method requires two starting values,

SOLVED EXAMPLES

e = —————

I-».— e —— i

- Example I': Find a root of'the equation x° —5x+1= 0 using the Bisection me;ﬁt;& il1§ ;
stages. [INTU (A)June 2010 (Set No.1)]

B o S S s T - —

Solution : Let f{x)=x" -5r+1. We note that f(0)>0 and fly<0.

. One root lies between O and 1, -

Consider x; =0 and x =1.

; sty |
By Bisection method, the next approximation is ¥, = ”1 l =E{ﬂ'+l}ﬂ'l5

We have S(x3)=f(0.5) ==1.375<0 and f(0)=0.

pa—
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Thus the root lics between 0 and 0.5, Now 13 = o =025
We find f(x;)=- 0234375 <0 and /£(0) > 0.
Since Six) <0 and 7(0) > 0, we conclude that root lies between % and

i s ‘ fp +X3
The third approximation of the root is x4 =

1
= Eﬁﬂ+-15l =0.125

We have f(x;)=037695>0. Since f{x;)>0 and f(x;)<0

» the root Jig
S betyigy,
Xq =0.125 and xy =0.25.

+ X3

; . y |
The 4™ approximation ol the raot is x = 3 = E(ﬂ-i!ﬁ-r— 25)=0.187%

Now f(x;)=0.06910> 0. Sim_e j‘[xE}bD and f{x;)<0,the root must Jje betwer,
x5 =0.1875 and x3 =0.25,

' 1
Here the fifth approximation of the root is x5 = P (%5 +x5) = %{ﬂ. 1875+0.25) o 217
We are asked to do upto 5 stages,

Hence we stop here. 0.21875 is taken as an approximate value of the root ang; il lisg
between 0 and 1.

| —

[‘.xnmph: i 8z Fmd a pusﬂ:we root u[' e x— 1= (0correct to two decimal plag p],au:h

h_:ls:ac:tmn m-:lhud |INTU m:. June 2009, (K). (A) June 2010, June 2011, (A)  May muts,. n.,tj

e Ll i e S TR o T

Solution : Let f{x)=x’-x-1=0.

Consider xy=1 and x, =2 = f{l)=-1<0, f{1}=5;:-{}
. One root hies between 1 and 2.

By bisection method, the next approximation is, x; = vl i< SO Xy = 1+2 =15

J(1.5)=0.875 >0

< .. The root lies between 1 and 1.5
Now x3= al -':1 = t+1I -3 =1.25, f(1.25) = - 0.2968

- f(1.25)<0. Since f(x,)>0 and f(xy) <0, the root lies between 1.25 and 1.3

Now x, =ﬂ-;x“-' - "15;"5 =1.375 and f(1.375)=0224 >0

Thus the root lies between 1.25 and 1,375,

Xy +.r4 . 1.25+ 1.375

Now x5 = > 5

=1.3125
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"
f13 125) =— 0.0515 = f(1.3125) is negative.
- lies between 1.3125 and 1.375.

1.375+1.3125

Nf'“" the root
o6~ 2
i fIL343?5

=1,34375
y=0.0826 = f{1.34375) Is positive.

between 1.3125 and 1.34375,

Now the root l1€s
1.3125+1.34375

A5+ Xg _
aM = 2
. f(1.3281)=0.01447 = f(1.3281) is positive

=1.3281

1.3125+1.3281
¢ lies between 1.3125 and 1.3281. So xaﬁf*;*"‘? - . =132

Now the ro0

o f(1.32)=-0.0187. Hence, the root is 1.32.

ﬂ*uﬁmg Elsechﬂni
Dec IIH.‘L]

ej- Fm& -::m’l the sg;uﬁrﬂ root of 25 given. B =20, 5=

g _'.E.;tuihpl
Scler [.]NTU iﬂﬂﬂs, {A}.Iu ne ll]] l]1 J une 11]11 [Stt No. 1,'!,

| — q'

golution : Let fix)=x 2 _25=0. Given x; =20 and x = 7.0
By Bisection method, the next approximation is

s g , xn+xj_2+?__45
The next approximation x; 18 B ==5— =75

- flr)= f(45)=x2~25 =(43) ~25==475<0
Now the root lies between 4.5 and 7.

45+7
5 = 3 =575

- The next approximation to the rool

Now, f(5.75)=8.0625>0

454575 _5135
2

Thus the root lies between 4.5 and 575. 80 x5 =

Now £(5.125)=1.265625> 0
*. The root lies between 4.5 and 5.125

Now x, = 45+5.125 _ 4155 and f(4.8125)=-1.839844<0

* The root lies between 4.8123 and 5.123

48125+5.125 _ 4 gee7s and f(4.96875)=—-031152<0.
2
“ The root lies between 4.96875 and 5.125
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Now vy o AJO8T5 £5.125 ¢ nage and /(5.0468) = 047019 >0.
2

' The rool lies between 4.96875 and 5.0468

i 'J'["IH?‘I i 5, H FﬁH sa07Tand f(5. 077) = 0. 0778 =10

Ig = .__2 e
“ The root les between 4.96875 nnd 50077

. ""'“““1' 50077 _ 4 9gw225 and £(4.988225) ==0.1176 <0

= The rooi lies between 4,.988225 and 5.0077.

g = L9825 L5007 _ 4 6979625 and f(4.9979625) = ~0.0203 <0
2

. The root lies between 4.9979625 and 5.0077.

. =4'99?9“§*5'm” _5.00283 and f(5.00283) = 00283
-, Square root of 25 is 5.
Example 4 By usmg bisection methnd find an ;I;-]-J['ﬂ?{lmatﬂ root of the ﬁpm

sm.:r == l,hal, lies between x = | and x = 1.5 (measured in radians). Carry out ‘:WIFWI!:

age, ~ [INTU(A) June 2010 [sﬂ'ui

Solution : The g]?én equﬂlmn !'i]ﬂ.:.f be rewritten as _,|"‘ t.r} 0, where f{x)=xsinr-|
We find that F()=-0.158529 <0 and f(1.5)=0.496242 > 0. Take Xy =land x =15

Since f(1) and f(1.5) are of opposite signs, therefore, one root lies between 1, =1 =4

Ly =15

The first approximation of this root is x; = %_[I +1.5)=1.25

We find that f{x,)=0.18623150.
Since f{xy)<0 and f(x;)> 0, the root lies between xp=land xs =1.25.

The second approximation of this root is x; = -;— (1+1.25)=1.125

We find that f(xy)=0.015051>0 .
Since f(xy)<0 and Sx3) =0, the root lies between xp=land x =1123.

The third approximation of the root s Xy= lI[I 1+-1.25) = 1.0625
2 e o ]

We find that f{x;)=—-0.071827 <0 .

Since f(xq) <0 and /(x3)> 0, the root lies between %y = 10625 and 5y =112
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e  fourth approximation of the root is xg - .i“mr.gﬁ,Lmjj. L9175

ﬁm“h'ﬂ-l r{h;]"_ = (L0IRIGD <D,
qu flag) <0 and fxy) >0, the root lies between Xy = 109375 and xy = 1125
&1

e filh nppmximminn of the root is ¥, = E{ 1093754 1.125) = 1100375

we find that f(xg) == 0006643 <0,
cince flxg) <0 and f(xy) =0, the root lics belween X, = 1109375 and xy =1.125.

The sixth approximation of the root is x; =%{].lﬂ?3?5 +1.125)=1.1171875

we find that f(x7) =0.004208 >0,
gince (%) <0 and f(x7) >0, the root lies between x, =1.109375and x; = 1.1171875.

— . !
The seventh approximation of the root is g =E(]-ID93?5+ LI171875) = 111328125 .

This is an approximate value (of the desired order) of the root of the given equation that
isbenveen | and 1.5. e

Enmp]!: 5: Find ap-:-'smve root of the -equatmn P _4x—9=0usin g bisection method
3 four stapes. [INTU (K) Nov. 20095 (Set No. 1}]

IHJUnglﬁcctmn method, find a real root of x* — 4x—9 =0 upto 3 approximations.
[INTU (K) May 2016 (Set No. 3)]

- —

Solution : Let f(x)=x’ —4x-9, ‘-'l.-’e note lhat f(2)<0 and f(3)>0,

. One root lies between 2 and 3. Let xy=2 and x =3.
By Bisection method, the first approximation to the desired root is given by

¥ =.I'|:|+II ke _ _
2 '—-—I 23, Now f(x)=/(25)=-3375<0,

% The root lies between x and x,.

. ) , | AT K
The second approximation to the rool is x; = 5 (q+ayy=——"==275,

Now flxg)= f(2.75) =0,7969 > 0,

" The root lies between x; and xy.

Thug . — ;
the thirg approximtion to the root is Xy = (6 +4y) = 2623

“l M
B (54)= f(2.625)=-14121<0. - The root lics between xy and v,

Foupy, .
fih dpproximation is Xg = %[.r_q b Xg) = %{2.?5 b 2.625) = 26875
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Solutlon : Given liuu-:linn s

Mx) = xlog, x—-1.2=0.
We have  f{2) = -0.59 <0 and 13)=0.23>0
Since f2) < 0, 3) > 0, the root lies between 2 and 3,

243
The First approximation to the required root x; = 5 23

f2.5)=-0205<0and 13)=0.23=0
Thus the rool lies between 2.5 and 3.

) 2.5+3
The Second approximation to the required root is x; = 3

=275
We have, f(2.75) = 0.008164 > 0. Also f{2.5) <0, so the root lies between 2 75,..,
<. The Third approximation to the required root is

" 2.5+2.75

= 2.625
2

Xy

Now f(2.625) = —0.997 <0 and f{2.75) = 0.08164 > 0
The Fourth approximation to the required root is

2.625+2.75

= 2

Now  f12.6875)=~0.046 <0 and f{2.75)=0.08164 > 0.
The Fifth approximation to the required root is

_ 2.6875+2.75
2

Now f(2.7188)=—0.019<0

= 2.6875.

X

Xy =271 EE

~ The sixth approximation is x, =22+ 2.7188

= 2.7344
> 7

Now f(2.7344) = - 0,005 < (
*» The seventh approximation to the root

2.75+2.7344
- = 7

Now fix;)=-0.015<0
Hence the desired root is 2.7227.

is given by

=2.7227
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grample 7: Find a real root of the equation @ = gvadwp by biseetion method,

| [INTE May 2006 (Set ‘*-IGJH

| sig gisection method, find
Rl

f real rool of _r =0y =d =0 upto | ﬂﬁnmmmalmm

) [INTU (K) May 2016 (Set No, 2)]
gplution : Let f(¥)=x" = 6x —4. Then g

Iq}_.ﬂ—]-_‘l”‘-sﬂﬂ““d ﬂ:‘r}"—'ET—IH-dcjgﬂ
. One oot lies between 2 and 3.

{‘nnﬂd'-"“ 2and x, =3,

I“'I'Il :2-5

E:,-Eiﬂf‘:ﬁ“" method, the next approximation is Xy =

we have f(x,) =/(2.5) == 3.375 <0 and f3)> 0.
The root lies between 2.5 and 3,

2.5+3 5.5

ke 13 = — = - =275

Now f(2.73) = 0.2968 > 0 and /(2.5) < 0.
The root lies between 2.5 and 2,75,

- 254275 35325
Nexl approximation 18 x, = 5 =T 2.625

Now f(2.625) = -1.6621 <0 and f(2.75) > 0.
The root lies between 2.625 and 2.75.

_ 2.625+2.75

Take =2.6875

Now f(x,) = (2.6875) = — 0.7141 <0 and f{2.75)> 0.
", The root lies between 2.6875 and 2.75

2.6875+2.75
Next approximation is x; = B =2.71875

This is the appmmmatc value of the root of the ngn cqummn

. -Eu t f f‘- 5_:: + 1= ﬂ using h:s:nunn malh-ad
BRICE Fmd 7 mal TP [INTLU M:,} lﬂ{lﬁ (SetNo. 2))

:1:1;?55." d Irumnfx:'*-h+3-ﬂ uptujappm.tmmnmﬁ
ol Bmmm kot TR R ~ [INTU(K) May 2016 (Set No.4)}

— ==
-5 i
L ¥
et e 2 GV I—'\-‘\- -

F"”'"”‘U“ : Given &qualmn isx - 51 + 3 [l'

We have f(2)=8-10+3=1 =0 and f{1)=1-3 +3==1<0,
* The root lies between 1 and 2. |

Lt *=0and x, = 2. Then the first approximation to

;E-‘fu+xr=l+2
Z 2

the desired root is given by

=1.3
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Now f(1.5)=(1.5) - 5(1.5) +3=—1.125<0.
Since f{1.5)<0 and /(2) =0, the root lies between 1.5 and 2,
. 1.5+2 _ 3.5
Next approximation to the root is x; = =115

Now f(1.75) = - 0.3906 <0 and f{2)>0.
~. The root lies between 1.75 and 2.
The next approximation to the root is given by

g & |?52+z 3:5_13?5

MNow f(1.875)=0.2167 >0 and f1.75) <0
Thus the root lies between 1,75 and 1.875.

The next approximation is given by

% ="ﬁ%§=1.ﬂus

This gives the approximate value of the root.

:
|
1

((OR) Using Bisection method, find a real rootof x* =x—11=

h__..

e e

Example 9 : Find a real root nfequatmn Xox—11=0 by bisection method. 3
[INTU April 2007 54 \q
0 upto 3 appmxur.:um_

3 Lt A _ [INTU{K) May 20165t Naf
Solution : Letﬁx} 2=x-11=0. lf."h:nl]ﬁildvn:r,:c:l:,I 2,x,=3

Now fi2)=-5<0,A3) =13 >0, . One root lies between 2 and 3.

By Bisection method, the next approximation js x. = 20— _ 2%3
2

|- A ——
[

A 2 e e B

2 = = 525
Now f2.5)=2.125>0,
-. The root lies between 2 and 2.5.
+ 2.5

N _ P a

oW x, > =325 - M225)=—-18593 <
MNow the root lies between 2.25 and 2.5

225425
Tak = =
e x, 5 =2.137s. 5 R2.375) =0.02148 > 0

Hence the root is 2. 37s,
E S——

xamnla H’I Usmg bisection method, ﬁn-:l the negulwu: mm of x" 4rt9=" !
L L L e P ARG e T R ) |.}NTU[H]JII!1#IIHHI_5"[

Solution : Given f{r} P —dx+9=0 -



r
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ﬂ_,j}.-_—z?+11+9=—ﬁ{ﬂ; f(-z:] ==R4RB4+0=05)

Now
gative root lies between -3 and -2

. (One nE

o [(-25)==15.625+10+9=19-15.625>0
i

_ The root lies between -3 and -2.5.

-3-25 =55 __
LEL 'TF'- — 2 —'—E_'—* 2?5 . Thl’:l‘l

(%)= f(-2.75)=-20.7968 +11+9 = -0.7968 <0

~ The root lies between -2.75 and -2.5 .
=375=-25 —5.25
LE_'[ .1'3 = 2 == 2 =t "1615

Now f(-2.625)=-18.08+10.5+9=142>0
The root lies between -2.75 and —2.625

-2.75-2.625 -5.375
2

Now f(-2.6875)=-19.41+10.75+9=0.34>0
-, The root lies between —2.75 and —2.6875

=-2.6875

]_.El .1'4 =

-2.75-2.6875 —5.4375
2 2
Now f(~2.719) =—20.1014+10.876 +9 =—20.1014+19.876 < 0

Let Xy = ==2T1875 ~=-2.719

. The root lies between —2.719 and -2.6875

Let y, < 2719-2687 _ ) .00

Now f(~2.703) = —19.748 +10.8¥2+9 = ~19.74 +19.812 > 0
. The rooy lies between -2.719 and -2.703

gt W

> =

h : :
B “5 the dpproximale root 15 =2.71 1



13: Fmd a rea] mnt of lhe Eﬂ“at‘““ s 40 by blsecuun et

Exa ple
]JNTU (H) June I{Ilﬂ (Suy
|

Solution : Let f(;] =x’ —x—4

Take xp, =1 and x; =2

We have f(xy)=f(1)=—4<0 and fx)=/(2)=2>0
The root lies between xy and x; .

Xp + X _1+2'*l 5
By Bisection method, X2 = 5 - 3 =1.

Now f(x;)= f(1.5) =3.375-1.5-4=-2.125<0
Since f(x,) <0 and f(x)> 0, the root lies between x; and x, .
x+xp _2+1.5 3.3 ~175
2 2 2
Now f(x3)=f(1.75)=5.35975-1.75-4=-0.3906 <0
Since f(x)>0 and f(x3)<0, the root lies between x; and x;.

Xy =

X + X3 4 2+1.75 HETE
2 2

Now f(x)=6.5917-1.875-4=0.7167 >0

Since f(x4)>0 and f(x;)<0, the root lies between x; and x4 -

Xy+xg _ 1.75+1.875 _ 13625
2 2

Now f(xs)=/(1.8125)=5.9494 -58125=0.2658 >0

Xy = =1.875

X5 = =1.8125
Since f(x;)<0 and f(xs5)>0, the root lies between x5 and X5 -

1.75+1.8125
X - =1.7812
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{

Ij:ﬂ 0
s-*" » f56) = f(1.7812)
=5.6511-1.7812-4==0.1300

e flxg)>0 and f(xg) <0, the root lics between x5 and g
cin :

rg + X 1.8125+1.7812 3.5937
== =
NOW 7 =7 2

] ,IIr[TT )=5.8019-1 7968 — 4 =0.005070
an

the approximale root.
e |?r;r455+ is the app

= |.7969

o 14 Fmd r-:al rml nf thv: equaimn 31 .9" by bisection mcthnd
[INTL (H) .!unﬁ_.’.'_ﬂl[l {&ql’_ﬂnt;]]:

mmp]
S_a;ul-uﬁnn: Given equation is Jx=¢"
Let f(x)=¢" —3x. Then

f(0)y=1-0=1>0 . ‘
ad f(l)=¢' -3<0

The root lies between x, =0 and x; =1.

0+1
Using Bisection method, ¥2 = = =05

Now f(x,) =" —3(.5)=1.6487~1.5=0.1487>0
Since f{x;) <0 and f(xy)>0, the root lies between x, and x,.
The next approximation is given by

ity 1435 475
. 2

Now f(x,) =075 ~3(0.75) = 2.1170-2.25=-0.1330<0

I:,|=

Since f{x,)>0 and f(x3)<0, the rool lies between xp and xy,
The next approximation is given by

Xy +Xy 0.5+0.75 _ 0,625
2 2

Now f(x,)= 625 _ 3(0.625) = 1.8682 ~1.8750 == 0.0068 <0

"t'i:

“ We can take approximate rool 15 x = 0.623.



Example 16 : Using bisection method find 4 rool of LX) e xcopxe=0

lIN'] l:{EJ Fely, 2004 (Set N

Solution : Given function is f(x) = x - coux
When x=0,f(x)=0-cos0==1<1()

When x=1, f(x)=1-cos(l) = 1-0.5403 = (0.4597 = ()
» The root lies between 0 and 1.
Let xp =0 and x; =1. The first approximation to the desired root is given by

_Yotx 041

_ 0.5
T 2

Now f(x3) = £(0.5) = 0.5—cos (0.5) = — 0.3775 < 0

*. The root lies between 0.5 and 1. The secondd approximation is given by
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0541

b
s

={.75

-"ll_l =
Now flx:)= f(0.75) = 0.75—cos (0.75)=0.75-0.7316 =0.0184 > ¢
So the root lies between (LS and 0.75

0.5+0.75 - 0625

L Ny =

Now f(xy) = £(0.625) = 0.625—cos(0.625) = 0.625~0.8109 =~ 0.1859
So the root lies between 0,623 and 0.75.

0.625+0.75 06875

.1'5 =

Now f(xs) = f(0.6875) = 0.6875 - cos (0.6875) = - 0.0853 <0
- The root lies between 0.6875 and 0.73

Let x5 = .D_M =0.7187. Then

flxg) = £(0.7185) =0.7185~cos (0.7185) =~ 0.0340
-. The root lies between (0.7185) and 0.75.

Let x7 = ”—”—EE‘;—W =0.7342. Then

fix7)=0.7342 - cos (0.7342) = - 0.00B1 1 <0

~. The root lies between 0.7342 and 0.75,
The next approximation is given by

_ 0.7342+0.75

% =0.7421

Now [(xg) = f(0.7421) = 0.7421 = - 0.0054 < 0

+ The root lies between 0.7421 and 0.75.
The next approximation is given by

_ 0.7421+0.75

%o = 07460

Now [fixg)=f(0.7460)=0.0115>10
». The root lies between 0.7421 and 0.7460.
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The next approximation is given by

G 4::.?45[1; 420 _ o

Now f(x;0) = £(0.7441) = 0.0084 > 0
Hence we take x, =0.7441 as approximate root.

’ ; HRETE e
= 3 e T Do o 3 A TR
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4.6 FALSE POSITION METHOD (REGULA - FALSI METHOD)
In the false position method we will find the root of the equation f(x) =g Congy
Mgy

two initinl approximnte values xy and x near the required root so that £(x) ang e
different signs. This implies that a root lies between xy and x. The curve f ”J"“ﬁ'.g:
v~ axis only once at the point x; lying between the points s and ;. Consider the Imi1
A = (ige f(xg)) and B =(x. f(x))on the graph and suppose they are connecled by 4 4. ’
line. Suppose this line culs x—axis al x, . We calculale the value of fGxy) at the Pt I;
fixg) and f(xa) are of opposite signs, then the root lies between x; and x; and valyg i
replaced by x; (see Fig. (1)). Otherwise the root lics between x; and x and the 1'rﬂlu""“rl:-

is replaced by x; (see Fig.(2)).

¥
_'I' L
(2 fix))
(g, S (20 ))
.ID _1-.2
2 ¥ X o A E
0O A
(xy. S (x)) (2, S (xp))
Fig.1 Fig.2

Another line is drawn by connecting the newly obtained pair of values. Again the poz!
here the line cuts the x—axis is a closer approximation to the root. This process is rt'lﬂd
as many limes as required to obtain the desired accuracy. 1t can be observed that the per

X3.X3,X4,..... Oblained converge Lo the expecled root of the equation y = f(x)-
To obtain the equation to find the next approximation to the root.

Let A= (xq, f(xg))and B=(x, f(x)) be the points on the curve y = f(x). Theat
¥ =flxg) _ S = flxg)

I_i_"_.;rn II___A.D rana {1.]

equatron to the chord AB is

At the point C where the line AB crosses the x-axis, we have flx)=0 i p=l
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Ay
A M M)
Jix)
5 o = o] >
f{-"ﬂ
'::Ihf{-ﬁ ]']'
B™p=fx)
Fig.3
. Rt
From (1), we gel x=x, I;_{xlj_lﬂrﬂ}-f':rfu} - (2)

r given by (2) serves as an approximated value of the root, when the interval in which
itlies is small. IT the new value of x is taken as x, then (2) becomes

(%) ~ Xp) _ xS (n) =0/ (x)
TS BT Ry sy N )

Now we decide whether the root lies between xp and x; or xy and x;.

j’z =.T1}—

We name that interval as (xj,x2). The line joining (x;, py ) (x2, y2) meels x - axis at A3

sgiven by z, = 0/ (X2) =% /(%))
YTy

This will in gencral, be nearer Lo the exact rool. We continue this procedure till the roof

5 found 19 1he desired accuracy.

The ileration process based on (3) is known os the method of False position,
The suceessiye intervals where (he root lies, in the above procedure are named as

§3 I 1 " . .
S, %), (2, xp), ele.., where g <xp ond (), f{x,) ore ol opposile signs.

Alio ELE”' EALTEL
| MEHI.S dnd De ~‘;—"!r._['l.‘f.:|_'-'.-'_ﬂ'ﬂ I-} ; ‘ .
I merits of Reguln Falsl method
y The g,
3: Method converges definitely and the convergence is lster than the bisection method,
“Method requires (wo starting values,

mula used 1o compute the root is nol simple,
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SOLVED EXAMPLES

"iarﬁplu 1: Ey'hgngliegula-}‘;lsi method, find an apprdxi:ﬁ-al-e}g'..}ﬁ ﬂf-th
x* £ x—10 =0 that lies between 1.8 and 2. Carry out three approximations Wuaﬁ‘n&-
| . N e e BTN June sy e
Solution : Let us take fix)=x%-x—10,and z, =18, x =2, ---.*'f"gjgi

Then fixg)=f(1.8)=-1.3<0 and f(x)=f(2)=4>0.

Since f{x;)and f(x )are of opposite signs, the equation f(x)=0 hasy Fiitg
Yo and ;.
The first approximation of the desired root is

_fo St -nStxg)  (L8H4)-2(-13) 72426 98 .

)= Sxy) 4=(-13) 5.3 5.3

bmh'n

We find that f{x;)=-0.161 so that f{x;} and f(x;) are of opposite signs, Herior, g,

root lies between x, and x; and the second order approximation of the roof is

_Ne ) =% fln)  2(-0.161)-1.849(4) 77182 . . .o

fxa)—fx) =0.161 =4 4.161
We find that f(x;) = f(1.8549)=-0.019 so that f(xy)and f(x;) areof the SAME sipy

Hence, the root doesnot lie between x; and x3. But f{xy) and f{x)are of opposite sigs
S0 the root lies between x; and x; and the third-order approximation of the root is,

o o ®f(x)-x3f(rs) _ 1.849(-0.019)-1.8549(-0.161) _ 0.2635
Flx3) = f(x3) -0.019+0.161 - 0.142

=1.B537

) Th_is gives the approximate value of x.
Example 2 : Find the root of the equation x log  (x) = 1.2 using False 1:|u;:|5ii'u:mTrrlaﬂﬁ‘:IlI
[INTU Aug. 055, 088, (K) 095, (A) June 10, June 11, May 2012, (K) Oct. 2018 (Set e

Solution : Let fi{x)=xlog;g x-1.2. Then
f1(2)=2xlog;5(2)-1.2 = 2x0.30103 1.2 = — 0.59794
and f(3)=3xlogyg(3)-1.2=3x047712-1.2 = 0.23136

Since f(2) and f{3) have opposite signs, the root lies between 2 and 3.
Take x5 =2 and x, =3
By False position method, the first approximation of the desired root is given o
4 () —x f(xy)
v Sl )= f(xg)

 2x0.23136-3x(-0.59794)
€12 = T 93136 (-0.59794)

=2.7210
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g
NoW fixz)=S127210)= 2721 xlogy 2.721 - 1.2 =~ 0.0171 <0
g fhe root lies between 2721 and 3.
:I'|1'F cccond approximation ol the root is given by
w - f(¥)= X2 S(x) _ 2.721x0.23136-3x(~0.0171)
BT flagd=S(0) 0.23136-(-0.0171)

Now ) =S (2.740) = 2.740 = log;(2.740) - 1.2 = - 0.00056 < ()

g the rool lies between 2.740 and 3.

The third approximation of the root is given by

¥ flxy) =Xy f(x) e 2.740= 023136 = 3= (~0.00050)
flxs)—S{xz) 0.23136 - (-0.00056)

= 2.740

= 2.7406

=1
=

1

Hence (he root is x = 2.74 (since xy and xy are same)

coamnle 3 : Using Regula -Falsi method, find approximate oot of the equation
pox-4= 0. [INTU {ﬂ?Jull_n I_UFII}, .?um; 2011 { ﬁet Nu I}, lll_cr:.il[!!“l: { [{} Feh. 2015 (Set No. 4]]
" ooution : Let f(x)=x>—x—-4=0.Then f(0)=—4, f()=—4, [(2)=2

Since f(1)and f(2) have opposite signs, the root lies between | and 2.

Take xp=1and x=2.
By False position method, the first approximation of the desired root is given by

5y xpf(x)— xS (%) Le. xg = (1x2)-2=4) _2+8 _10 _
flxy) = fxg) 2—(-4) 6
= [(1.666)=(1.666)" —1.666—4=-1.042

Now, the root lies between 1.666 and 2.
The second approximation of the root is given by

vy < 1666x2-2x(-1.082) _, 750 Now f(1.780)= (1.780)" ~1.780~4 = - 0.1402
2—(-1.042)

Thus, the root lies between 1.780 and 2.
The third approximation of the root is given by

_1780x2-2x(-0.1402) _ | 294 Now £(1.794) = (1.794)" =1.794 =4 = - 0.0201
2 —(~0.1402)

4
Hence, the root lies between 1.794 and 2.
The next approximation lo the rool is given by

xg = 1:794%2-2x(=0.0200) _ 795, Now f(1.796) = (1.796)" ~1.796 - 4 = - 0,0027
2-(~0.0201)

50 the root lies between 1.796 and 2.
The next approximation lo the rool is given by
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Eﬂﬂ|ﬂﬂurinn Malhﬁm
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it 3 o (=0.0027)

- Henee the desired root is 1796 ( sinee g and x, arc samc)

Example 4 : Find the positive root ol the equation /(x) e 2 e i)
|.IH'I"|H|~'.'Hn'ermH,,H\ '
II

: Ty 3 -
Solution : Given cquation is f(x)=x" —2r-5= () |
We have £(21=-L fi3)=16. Thus, a rool lies belween 2 and 3.

Take ap =2, =1

Yoftn)-nSlx) 216-3-D _32+43_35 .

We have 2 = Fin)-f(x) 16+ 1 17 17

Again f(x;)=—0.386, and hence the root lies between 2.059 and 3.

o mfle) - (y) _3(-0386)-(2.059) (16)
NN S T e ) —0.386—(16) L1

Repeating this process we obtain xy =2.0904 and x5 =2.0934 elc....
We observe that the correct value is 2.0945 and xg is corrected to two decimal pies

only. Thus it is clear that the process of convergence is very slow.

4 by rpfrula - falsi method.

Example 5 : Find the root of the equation 2Zx — log,, x =7, which lies betwee L7
[INTU{A) June 2010 (S vy

{or) Find a positive root of the equation 2x — log x = 7, by regula-false methed
[INTU (K May 20165 'u!

Selution : Lel f{x)=2x-logax=7=0,

We have f(3.5) =2(3.5)-log;g(3.5) -7 =7-0.5441-7=-0.5441 <0

and f(4)=2(d4)-log;y(4)-7=8-0.602-7=0.3979 >0

Smee f(3.5)<0 and f{4) >0, the desired root lies between 3.5 and 4.

Take xy =3.5, x, =4,
The first approximation 1o the desired root by Regula-False method is givet b

Xy = X
£ =ay == fl5y} = 3.5~ 2 (~0.5441) = 37858
fix)=flxy) 0,3079 5 0.5441

Now  f{x;)=-0.0009, flx) = 03979
2. The root lies between 3. 7888 and 4.

¥ : ‘ .I\
By taking x, = 37888 and x; =4, we get the 2nd approximation ol (he et :

r
- 02112

e (WY = i
eI ) = 37893,

Now f(xy) = 0.00004

el TS BV Seiihilieilili b
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ence the T equired root corrected to three decimal places is 3.789. (since [f(xy) is
Ay ﬁqual to zem)r. |
pxample 6 : Find a real root of xe" = 3 using Regula - Falsi method.

Let f(x) = xe" —3 [INTU May 2006 (Set No.4)|
golution @ LELJ X =xe — 3.

we have f(1)=e-3=-02817<0; f(2)=2."-3=11778>0
. One root lies between 1 and 2.
Take x, = 1 and x; = 2.
The first approximation of the root by Regula-Falsi method is given by
X=X xp () - x f(x (-
| s | o - AR DR e
Now f(x;) = f(1.0234) = (1.0234) "™ -3 =-0.1522<0
We have f(2) = 11.778 >0 |
* The root lies between 1.0234 and 2.
Taking x, = 1.0234 and x, = 2, we gel the second approximation of the root is

L _nfln)-xnf(x) _A=0522)-10234(1778)
B ) - f(y) —0.1522-11.778

_—03044-12.0536 _ 12358 _| 135801 036
~11.9302 11.9302

Now f(x,) =(1.036) "*** -3 =—0.0806 <0

The third approximation of the root is

x,= 2/ ) =3 /(5) | o43. Similarly, x5 =1.046.
J(x3) = flx)

This gives the approximate root.




root Ol XE = & UDNIE sxwmyme e sGUIOE]
[INTU April 2007, (K

~2=0. Then (84,
7=27183-2= 0.7183=0

Example 8 : Find @ real

Solution : Let fix) = x¢'
fy=-2<0; A)=e~-
The root lies between 0 and I.

Take x, = 0,5, = 1.

By Regula - Falsi method, (he first approximation of the root is

YA D PAC VI 0-2 ___2 __073575
Y ST ) —fg) | 07183-(=2) 27183

«and fix,) = — 0.46445<0
Thus the root x; lies between X, and x;. (v f(x)>0 and f(x,)<0)

The second approximation of the root is given by
 nf)-xnSln) _ (073575 07 183) — (1) (0.46445)
N T ) 0.7183 + 0.46445

_ 0.52848+046445 _ 0992939 _  g306
118275 1.18275

- fixy) = —0.056339 <0

Now the root x, lies between x| and x;. (v f(xq)>0 and f(x;)<0)

s @ 3 f(x)-x f(x3)  (0.83951) (0.7183) +0.056339
4 o) -fla) 0.7183 + 0.056339

0.
= -—@zﬂ.ﬁillﬂ

0.774639
and fix,) = —0.006227 <0
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f‘m:nw (e root xg lies between x, and Xy
xSl =% Sl 0851171 (0,71 83) 4+ 0,006227
L X = fim)-flx) 07183 4 0.006227
_ 0617623 _ 5oy
= 0.724527

anid _ﬂxq} =—0.0006756 <0
xb lies between x, and x.,

NOwW
g fla)-w fles)  (D.85245) (0.7183) + 0.0006756
“e T fla)=S(xs) 0.7183+0.0006756
_ 0612990 o core
0.71897

and flxg) = —0.00002391 <0
Now the root x, lies between x, and x.

_ xg fm)=x flxg) _ (0.85260) (0.7183) +0.00002391
T ()= (%) 0.7183 + 000002391
0.85260

Since xg = x4, the desired root of xe" -2 =0 is 0.85260.

|~ ElﬂIIl]l-'EE-EIE;. real root of rji_c_ﬁq_ua_lmﬁ_ ?{;Ea = cosx uSsie n-g chu!&-]fﬂ;; method.

[INTU (1) June 2011, (K) Feb. 2015, May 2016 (Set No. 1)]
Euiutmn Gwen equation is log x = cos x

Let f(x)=logx—cosx. Then

f)=log (1) ~cos (1) = 0-0.5403 = —0.5403 <0
nd f(2)=0.693140.4161 =1.1092> 0

- The root lies between 1 and 2.
Take £, =1 and n=2.
The first approximation to the rool is

¥y = 50 1n) =2 f(xy)
Jix )= fxy)

= M 1.1092) - (2) (-0.5403)
L1092 + 0.5403

< L109241.0806  2.1898

= =|.J275
|.6495 6495

N
g Jlxy)=0.2832 - 02400 = (L0423 = ()
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The root lies between x; and x;

The second approximation Lo the root is
oS Ury) xS () (1) (0.0423) = (1.3275) (-0.5403)

fix)-flxg) (0.0423) + 0.5403
o ST papn
0,5826

Now f{xy)==0.1487 <0
= The root lies between x; and x;.
The third approximation to the root is

1 xflx)=x2/1(x;)
Sxa)—f{x3)
{E 3037 (0.0423)-(1.3275) (-0, 143?] [D 1]551] +(0.1973)
0.0423+0.1487 0.191

02524
0.191

Thus we take the approximate value of the root is 1.3214

=1.3214

~ Example 10 ; Find the real root of the equation xe* = cosx using the R s
methﬂd cc-rrecl o tﬂﬂ.ll' demmal placas IINTU (A) May 2012 (Set No. 3}, (K) Dic.t

Solution : Let f(x)=cosx-xe® =0. We have, f(0)=1 and F(ly==2171%<0

" Aroot lies between 0 and 1. Take xy =0 and x =1.
By False method, the first approximation of the root is given by

- l'n.a"-{-:ﬂ}—-l]_}"{f'ﬁ'@}: 0-1
S -fop) 217791

Now f(x3)= f(0.3146)=0.5198 = 0

=0.3146

and fix)=-2.1779<0

* The root lies between x, and xy P, 03146 and 1.

The second approximation of the root is given by

_nfx)-nfn) _ (N0.5198)~(0.3146)(-2.1779)
flxa)=fix) (0.5198)+(2.1779)

Now f(x3)=f(D.4467)=02035>0 and f(x)=-2.1779 <0

* The root lies between x, and x, ie., 0.4467 and 1.

= (. 4467
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i third approximation of the root is given by
M
= f{,xj]-'_.l'rfxlj

1(0.2035) - (0.4467)(-2.1779)
=T _0.2035-2.1779
Continuing this process, we get
£y =0.5099; xg =0.3152; x; =0.5169
1 = 051745 X9 =0.3176; x5 = 05177
Thus we will take 0.5177 as correct root.

=1.4940

E" 3 Em;ple 11 : Using Regula Falsi method find a real rool ¢ ﬁ-r_}‘{_;} E s 1=u:
foect upto two decimal places. | WINTU(K)Feb.2014 (SetNo.4)|

Solution : Let f{x)= 2¢’ +x7 41

We have fi-l)==-2-1+1=-2<0

and fliy=1=0

:. The root lies between 0 and -1,

Take xy ==1 and x; =0. Then f(xy)=-2 and f(x)=1

By Regula False method, the first approximation of the root is

oSS ) -0 f0p) _ DM-OK=2) _ 1 _ aaag
F0)= fxo) (1)-(-2) -

Now f(x3)=0.9949 =0

Since f(x,)>0 are f(x;)<0, the root lies between x, and x;.
Thus the second approximation of the root is

Now x; = Yo S (X2) =% 1 (xp)
Slx3)=flxp)

_ (=1)(0.9949) - (- 0.3333)(-2)
(0.9949)+ 2

and f(x)=0.92800.
Since f(x3)>0 and f(xy) <0, the root lies between x;y and x;

=~ (.5380

The thirg approximation of the root is

Now x, - X0/ (3) x5/ (%) _ (~1)(0.9280) +(0.5380)2) _ . o
) J{x3)= fixp) B (0.9280)+2 :

N f(xy) =2 (0.0988)—0.1914 +1
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(0 70) (0 100a) 4 ]
1 0L AR00 = (a1
Sinee fvg) =0 and fiag) < 0, the root Hes hetween g and o
. The fourth approximation ol the ool is given by
oS () M f () _ (DKL) (071852
T fixa)- flrg) 0.6110)+ 2

(06110 - 14370 - 20480, 5p44
26110 2.6110

Example 12 : Find the real rool of the equation x+log;q ~2=0 ttsing f, g
mothod, VINTU(K) Dee. 2016 3,

Solution : Let f(3)=x+loggr-2. Then
f(=1+loggl-2=-1<0
f(2)¥=2+logp2-2=03010>0
Since f(1) and f(2) have opposile signs, the root lies between | and 2

Let xp=1and 3y =2

By false position method, The next approximation to the root is given by

3o/ (3) = xS (x) _1(03010)=2(~1) _23010
fix)-S(xg) 0.3010+1 Laow

da =

Now f(xy)=1.7686+log,(l.7686)-2
= |.76R64+0.2476-2=0.0162>0
« The root lies between | and 1.7686

The next approximation to the root is given by

R TVAREY s .I"I_l.ﬂ HO62) - I,I-?iiﬂh'll;- i . I..?H-it_i _ 1.7563

Iy = | -

fx)— flxg) 00162 +1 L0162

Now fixg)= L7563 4 log,(1.7563) - 2
= 175634 0.2445-2
= (LOUK == ()
 The root hies between | and 17563
The nextapprox imaton o the root is given by

cow 20S0O0) f(0g) _ NO.D008) - (17563 -1)
)= fiag) LOU008) + |
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ot
nuﬂﬂ"ﬁ*' 1563 17571

7556
| I:IFUE l ﬂl'l[]H

and ﬂI.TESﬁ] =1.75564 logo(1.7556) - 2

=1.7556 40,2444 2 =0,00002 > 0
. The rool lies between xy =1 and x; =1.7556 .
The next approximation lo the rool is given by
s f(xg) = XS (xg) _ 1(0.00002) - (1.7556)(-1)
557 f () fx) 0.00002+1

1.7556 +0.00002
s i ot
1.00002

Henee the value 1.7552 can be taken as approximate root.

=1.7552

E '};mﬁﬁ_le 13 Fmd lhe Rul oot uf the Equatmn dsinx=e* usmg Falsc Fnsmnn
pethod. [INTU (K) Dec. 2016 (SetNo. 3)]

Solution : Let f(x)=4sinx-e

Now f(0)=-1<0

and f(1)=4sin{l)—¢' =3.3658-2.7182 =0.6475>0

Since f(0)<0 and /(1) >0, therefore, one root lies between 0 and 1.

Take x=0and x =1

First Approximation :
Iﬂf[-‘ﬂ} xS (xp)
Six)-S5)

By Regula-Falsi method, x; =

0-1-1) 1
=0,6069
0647541 1.6475

Now fi(x,) = f(0.6069) = 2.2812—1.8347 = 0.4464 > 0

" The root lies between xp and x;.

Second Approximation :

5y = Jof(5y) - x;ﬂx.,} _0- I}{-ﬂ-:’r‘.l'[ h_o. H"’g_t}.qw[]

Now £(0.4 190) = 1.6273 ~1.5204 = 0.1068 > 0

* The root lies between xp and x3.
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Thivd Approximation : g
) - vy flvg) D= (0A4190)-1) 04190

Lo e, | L . i L e i ]

Y Flxey )= fixg) 1068« | |, 1068 183

Now (v = LATRL- L4600 = 00181 >0
+ The root lies between gy and xg .
Fourth Approximation :

_ Yo flxg) = xS () _ 0-(0.3785)(-1) _0.3785

= =0.3717
Tixa)= 1) 0018141 1018

Now f(xs)= (0.3717)=1.4527-1.4501 = 0.0026 > 0

+. The root lies between xy and .

Fifth Approximation :
_ Xoflxs)-xsf(x0) _0-(03T17)(-) 03717

=0.3707
S(xs5)—f(xg) 0.0026+1 1.0026
Now f(xg)=1.4490-1.4487 = 0.0003 > 0
- The root lies between x; and x.
Sixth Approximation :
= 0=(03707K=1
_ %o (xg) — x5/ (xp) _ 0-( X=D) _ 03707 _ 4o

flxg)~f(xg) ~ (0.0003)+1 = 1.0003
x; =0.3705 can be taken as appmmmate root.

l:'.:arnpll: 14 : Using Rl:guh falst me;!hm:l f'md the real root of 2x—logr=56 ==
three decimal places, ! [INTU (K) Dec, 2016 (M-
Solution : Let f{.r]-Er—]ﬂgx"ﬁ 0

Take xy =3.5 and x; =4
flxy)=2x{3.5)-log (31.5)=6
= | =log(3.5) =1 - 0.5440 = 0,4559

Sl )=2x4-log(d)-6=2~logd =2 - 0.6020=1.397

By Regula-Falsi Method, we have,

13'"{ xof(x)) - -1'!.3'{-*'4:} _(3.5)(1.3979) - 4(0.4559)
Sa) = fixg) 13979 — (.4559
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48926~ 1.8236
e ——

- =-3|
- 0.942 £

(2= 232579~ log(3.2579) -

=6.5159-0.5129-6=0.5159-0.5129 = 9030

The root lies between x, and y, .

_ %/t =22/ (%)  (3.5)(0.0030) -3 zmm 4559)

BT ) - k) 0.0030 - 0,4559
_(0.0105) - (1.4852) _ —1.4747
- 0.4529 YT Rl

flxy)=2%3.2561-log (3.2561) -6
=6.5122-0.5126 -6
=~ 0.0004

The root lies between x; and x;,.

_ %S () =X /() (3.5)(- 0.0004) - (3.2561)(0.4559)

Six)=fl) —0.0004 —0.4559
_—(0.0014)~(1.4844) 14858
~0.4563 S =hdsgy ol

As x; and x, are coinciding we take the root as 3.2561.

P R A L e e

_ Enmple 15 . Find a a-raal :I'l'.‘tﬂl of the equation x° -4x 9-0 uswg False position
Pethod correct to three dﬂﬂ@al places. | INTU(K)Dec.2016 (MM-Set No.3)]
Solution : Given f{x)=x' - 4x-9=0
Take x, = 2.7, =28
Jx)==0.117, f(x)=1.752
The root lies between x, and x,

Xy = Iﬂf 'rl rlf{'rﬂ'}
J(xq) = flxg)

_(2.7)(1,752) = (2.8)(—0.117)
(1752 +0.117)

_ (4.7304) + (0,3276)
| 869
F(5)) = 198189 — 108248 — 9 = 19,8189 ~ 19,8248 = - 0,0059

=2, 7062
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The rool lies between x, and X

o f - 62)(1.752)
o fl) = xa Sy (2.8)=0.0059) —(2.706
n H'r{{;}- f[.1'|}l (= 0.0059) = (1.752)

~[0.0165+4.7412] _ 47577 _ 5 7064
T 17579 1.7579

As x, and x; are almost equal, we take 2.7063 as the approximate roqg

4.7 SECANT METHOD :
In Regula-Falsi method we are finding a real root of the equation f(x)= APPrye
In that method the values of f(x;) and f(x) are having opposite signs, [y the &

method we are going to discuss, the formula may be simillar, but {(x,) and fix) -
same sign or opposite signs. In this sense, the Secant method is less restrictye lhe
method of False position.

We want to find a real root of the equation f(x)=0, approximately. Theg o .

= f(x) meets the x-axis at the point x.

1Y
y=f(x)

Bixi. f(x))

Alxg. f(x))

—> X
D ’_‘4_._‘_.-"‘/—.”;\-' {: ), o 'TI

Flg.4

Consider two neighbouring points A (%o, (xg)) and B (x, f{x))on thecun®
Then the equation of the chord AB is

S{x)= flxy) £ Sixn) = fixg)

'r_r"rl:l .-I'| —.TD LLL] {I]

. !
Al the point C, where the chord AB meets the X-axis, we have f(x)= o a0l

{1) becomes

=Xy = h ™% -Jr{-fu]

..lr'[«“'j}“ftxu} {2}
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This gives the v-coordinate ¢ of the point C. I the points A and B are sufficiently ne

-axis on the curve = £(x), the point x = ¢ is sufficiently close to the point.x, wh

Jrve meets the X-axis. This serves as an approximation for x. The method of findir
ppm};imale value of x on the basis of this hypothesis is known as Secant Method.

(ing Rule :

Choose an interval [xg,x | such that f(x)=0 has exactly one root between x, and x,

X < I] "

Apply formula (2), to find the value of x, ofx.

X —X
Thus, % =%~
R R TR M

This x, is the x-coordinate of the point where the chord through the points (x5. /(%)

and (x,, f(x)) meets the x-axis, it serves as the first - order approximation of x.

Thog, g1 =20 e
A s Gy ©)

Apply formula (2), to find the value x; of x.

Thus, x, = x, - 278 f(xn)

’ f(5)—-f(x)

This x, determines the point where the chord through the points (x, f{x ) and

(x;)) meets the x-axis, 1l SErves as the second upprm:immiuu.

Proceed like this to find successive apprnxinmlimm N A
%5 When the desired order of accuracy is reached.

of the root. We stop the



grample 1 : By secont method, find the root of the equation +* - 5:2 - 29 =  that lies
iweed 5 and b, correct to four decimals,

golution. The given equation is, £(y)
Take In:ﬁ and X =8,
Then fixy) = f15)=-29 and Jie)=f(Ey=17 .

=x" ~5xf 239-¢

Since [(xy) and f(x,) have different signs, the given equation has a root between

sand 6.

Using Secant method, we get

- J.';I =X
f{II )= F{x;)
6-5
7429

IE:IH fr'r{']

=5-

(-29)=5.8]
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We have _f[xﬂ—.-f{j_ﬂﬁ:—l.ﬁﬁ

Using the formula for gecant method,

Bl1-6 =
Xy=x- ¥z~ I},:ﬁ_,__]_ﬁ:-ix?—iﬂdﬁ
: J'r':-'f!}'f":-‘]]
Now f(x,)=-0.087
5.846-5.81
= ) = 5.81— % (~1.66) =
R Xy — X3 f{lz}_.fr.ﬁl 00872 1.66 ( ) 5.84709

T ) - f(x)
Now f{x,)=0.00039

: * .:l-'3 = -
fix )= Sx5) 0.00039 + 0,087

We note that third approximation and fourth approximation of the mntan:idem[.%

the fourth place of the decimal. ~ |
Hence the approximate value of the root, correct to four decimal places s 5 5y
~ Example 2. By using Secant method, find the root, correct to four places of dog

of the equation cosx = xe*, that lies between 0. and 1.

."-'"i.{— ﬂ.ﬂﬂ?:l = S'E‘:I‘;“.}E

e Xy =Xy =

Py bl LA =il E L BB PEELY L el

e i e e

Solution. The given equation is f(x)=cosx—xe’ =0
Take X =0 and X =1 Then f{.ﬁ}]: f{ﬂ] =] ﬂnd f{:ﬂ_} = f{lj = -2 17793

Since f(x;) and f(x) are of opposite signs, f(x)=0 has a root between O and!
The first approximation is

. I
E e A

-0
=ﬂ—— = : - "
. T T ket 0.

We find that f(x,)= 7(0.31467) =0.51987

The second approximation of the root is

L X4-X
Sx) = fix)

_ 0.31467-]
0.51986+ 2.17798

Again f(x;)= f(0.44673) = 0.20354
Third approximation of the root ig

Fix)

&3 = X

%(~2.17798) = 0.44673

Xy =X, i M TE:
Sx )= Fix;)

0.44673-031467
0.20354-0.51987 > 1987 =0.53171

Six;)

=0.31467 -
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Al
Pﬂk_ﬂcdmg like this we gel
. =0 §1690,35 =0.31775.27 = 0.51776
A5 ] =
gince and x;are identical upto fourth place in decimals, we take x; as the rool

¢l 10 {our PIE’IEEE of decimals.
i - The roo! 15 Xa = 05178

{_'ﬂl:ﬁlldt‘i'
ez & (1) catisfies the following conditions:
Jhet

an equation f(x)=0 which can taken in the form x=¢(x} .- (1)

jj Fortwo real numbers a and b, a<x<b implies a<p(x)<b and

(
(i Forall ¥
m 18 a constant such that 0=m=1.

x" lying in the interval (a,b), we have | ¢ (x) ¢ (x7) | < m | x'-x"| where

be proved that the equation (1) has a unique root "¢ in the interval (a,b)-

Then, it can
of the root

1 find the aproximate va lue of this root, we start with an initial approximation

yprand find & (xp)-
We put 5= (xp) and take x, as the first approximation of a.
as the second approximation of a. Continuing

Next, we put x3 = (x) and take x;
' the fourth approximation x, , and so on.

4 process, we get the third approximtion xs,
The #* approximation is given by x,=¢(xhnzl i )
In this process of finding su ccessive approximations of the root o, a0 approximation of
1 is obtained by substituting the preceding approximation in the function ¢ (x) which 15
mown. Such a process is called an iteration process. The successive approximations
g, e abtained by iteration are called the iterates. The #" approximation x, is called the
o iterate.

A formula x, =& (x, ) nz1 18 called an iterative formula. This is also known as

eeessive approximation method,

“ivergence of an Iteration :

each
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||'lepna
tiy _
iterations are called multi - point iterations. The geometrical grounds in wh;gy, :
are based, indicate the iterations involved in these methods are always con Vergen; ‘TI"]F}'“&
can be proved analytically also. : Hly

Remember. Write the given equation f(x) =0 in the form x =g(x)

This form x =#(x) can be choosen in many ways. We have to choose #x) i

way that initial approximation x, should satisfy the condition |¢'(x)| <1.

b,

Merits and Demerits of Iteration method :

l. The formula used to find the root is very simple.

2. The method requires only one starting value.

3. The convergence of the method depends upon the starting value and 1, ':hui.;w

@(x).
SOLVED EXAMPLES

p=s Example 1 : Explain the Iterative method approach in solving the probiems,
o e INTU 2003, (A T 2011 (Seqyg

Solution : In Latin the word iterate means to repeat. [terative methods use 3 ﬁ;;ﬁ;m:f
ohtaining better and better estimates of solution with each iteration or repetitive COMmputagg
This process continues until an acceptable solution is found.

The steps involved in an iterative method are:

1. Develop an algorithm to solve a problem step-by-step.

2. Make an initial guess or estimate for the variable or variables of the solution. Th
initial estimates should be reasonable. Success in the solution is dependent of
selection of proper initial values of vaniables.

3. Better and better estimates are obtained in the progressive iterations by using b
algonithm developed.

4. Stop the iteration process after reaching an acceptable solution, based on a ressonsbk
criteria being met.

it e o = T Ay

 Pxample 2 : Explain the classification of itcrative meitiod based on the numiid

=

[
iguesses,: {1 o T IET SyEes _ INTL 28

Salution : Iterative methods can be CE:!ESEE;::I inmmrwn c‘;.t-éggrif_:s“l;hsed on the o
of guesses:

I. Interpolation methods - also called as bracketing methods.

2. Extrapolation methods - also called as open end methods,

Two estimates are made for the root in the interpolation methods. One is positivé m.ﬁ

for the function f(x) and the other gives a negative value for the function [f(¥):
means that the root is bracketed between these two values,

| 4
=
I--_'
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3 -j "Z:Eximlﬂu B Suth‘- 20+ 'S'_ rnp ositive root by Heraffon g

=

Y W it e b ERE e um—u:ﬂﬂi uﬂﬂ"ﬂiﬂ
Hn'luilnn Ll.‘,i ﬂ_t} —ll; — 5. Then '
A =(2P-2-5=8-4-5=-1
and f3) = (3 -2(3)-5=27-6-5=16
. One root lies between 2 and 3,
Gwen equation can be written as x = §(x) in many ways such ay ;) =
= x = {2+ 5)\7 = ¢(x)

d'(x) = E(Ix + 5]_%

2
= W)=

32x+5)73
2 2

34+ 5}% 3{3%]

Hence the root lies between 2 and 3.

Now |§'(x)|,=z =

2
Also |§'(x) ],y = 3 l}m <l

2+3
Now x, == = 2.5. Then the successive approximations are

2
X =0(x) = [2(2.5)+5]" =(5+5)" =2.1544
X, =d(x)= [2(2.1544) + 5)'3 = 2.1036
X3 = b(x;) = [2(2.1036)+ 5] = 2.0959
xs = 0(x;) = [2(2.0959) + 5] = 2.00475
x5 = $(xg) = [2(2.09475) +5]' = 2,09458
and x; =(x;) = [2(2.09458) +5]'° = 2.09455
Since xg = x5, we conclude that the root of x* — 2x - 5 = 0 is 2.0945.

| A i S 1
:;.,__.- % E:amplc 9: Fmd a pusnuw: roof of the aquannn b:,r ileration method : 3r=&%
N e 1;,,;,-.._;;;;-'.;; Bl __IJNT”ﬂ'J-'"“‘“"”

Solution : Let f{x)=cosx=3x+1=0

]J
Now f(0)=cos0-0+1=2>0 and f(n/2)= :nsEAJ -+1r—?+““
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Eﬁginaarinu Hﬁa,q
v —— “1!44cl
ExnmplE ﬁ v 5;.[1,;.3 ;.3 1:; 5 fora pusttwc rool b},r '|t+=ra1;mn methog
!:"---n..' P F e __';l-i_-_ b dagiy s i G Lo PRard 5 L “NTU,IHHE {K]DEI II]EEL&I !
Solution : ]_,re,r, _Jf'[_y,] = ,rj By = 5. Thcn "‘ll

f2) =(2P-2(2)-5=8-4-5=-1
and fi3) = (30 -2(3)-5=27-6-5=16
. One root lies between 2 and 3.

Given equation can be written as x = $(x) in many ways such as & = D+
= x = (2x+5)17 = d(x)

Px) = %{EHSJ'};

2
= |9} =

A2x+ 5)%‘

2 2
Now | §'(x) |0 = =— <
34+ 5)% 3{3‘(’; )

Hence the root lies between 2 and 3.

2
Also | d'(x) |0y = — =7 <1
| (%) |3 3D
243 ; g
Now x, === =2.3. Then the successive approximations are

x =6(xy) = [2(2.5)+5]'" =(5+5)'"> =2.1544
X =00x)= [2(2.1544)+ 5)V3 =2.1036
X3 = 0(x;) = [2 (2.1036)+ 5]'° = 2.0959
x4 = ¢(x3) = [2(2.0959) + 5]'% =2,09475
x5 = $(xs) = [2(2.09475) +5]1 = 2,09458
and x; = §(x5) = [2(2.09458) +5]'7 = 2.09455
Since xs = x5, we conclude that the nl:ml of 3 -2¢-5=01is5 2.0943.

et

EIHII] pIE 9': Fi |rn:| a positive mul nfthe uquauun hy 1tamhun malhnd {:_41
L 4 LR RN TS : |JNTU{“}"I"'“"

ey e el s

Solution LE1. f{.rj =COsx — 3.1. +i 0

In 0
MNow [(0)=cos0-0+1=2>0 and Hﬂ!l_mEE"JE“_ﬂfH
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S;Jull _ .
. The root lies between 0 and #/2 (Since £(0)>0 and f(n/2)<0).

;ji,r.fn equation can be writlen ag
I
;_f..jJrH =0 =>r= E{I +Cos.x)

{—sinx)

| : |
Let M_ﬂ:;{lﬂus.t} = ¢ [;-):E

<1or all values of x in (0,7/2)

[l=
. lieration methﬂd can be applied. Successive approximalions are given by

:Is¢{xﬂ}=-§-(1+cmﬂ}=ﬂ-ﬁﬁﬁ? ;
=b ()= EE{H c0s0.6667) = 0.5953

H =)= Elﬂ +¢050.5953) = 0.60933

= () %{: +2080.60933) = 0.60668
w=dlu)= %ﬂ ¢ cos0.60668) = 0.60718
rymd g} = %(1 +c0s0.60718) = 0.60709

5 = (xg) = %u +c050.60709) = 0.60710

5 =¢n|:x-;}=§{I+msﬂ.ﬁ-ﬂﬂﬂ]=ﬂ.ﬁﬂ?]ﬂ

We observe that the iteration values x,and x; are same,
. The required root is 0.607.
EE“‘“PIEJ 0: -Emd'a rf:al mut of t Lhc: cqualmnu ."11'2 4 -i_'rT UEI; g 1tnmtu—1;1 ni&hu:ﬁ

a e
Solution ; Given equation is x:!—ltz—-dzﬂ' w (1)

Now f(2)=8-8_4=—4q4<0
™ f(3)=27-18-4=550
“ The rool lies between 2 and 3.

Squation (1) can be wrilten as x° = 2x% +4 = x=(2x" + 41

Thi jg Of the form x = g(x); where ¢(x) =(2x* +4)""

B
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A.x
P l o 3 P
¢l|:.-\-1=jtz-”1 1) 1:'.1.[“.\} W

and [¢'(x)]| <] lor 2<x<d,

Thus iteration method can be uPP““‘L

We have
xp =2 L d(xg) =92 =(12)"? =2.2804

% = dlxg) = 2.2894

113

113
xy =4y = {2,1-!2 +-£i}""] :[1{1239412'4. 4] = ({14.4827)"" = 24375

x5 = 6lx) = 2(x3 +4)'F =[ 2(2.4375)7 + 41.]“3i =(15.8830)"" =2.5136
xy = é(x;) = (16.6363)" = 2.5528
x5 = &) =(17.0335)" = 2.5729
xg = dxg) = (17.2396)"" = 2.5833
x7 = dxg) = (17.3468)'7 = 2.5886
xg = §(x;) = (17.4016)"" = 2.5913
xg = lxg) =(17.4296)"" = 2.5927

xjp = 8(xg) = (17.4448)" = 2.5935
The approximate value of the root 15 2.5939

o Eﬁ.ﬁpsm : Find a real root of. mefa‘ﬁua*ﬁnﬁ**z;“‘iﬁ‘gxm m};'g iteration
'.. e |'

DO v e e

3 5
e ¥ S B TRY ___-. e e e e

E{bluiiml Given equationis f{x)=2x-logx=T7=0

Now f(4)=8-13862-7 <0. f(5)=10-1.6094=7 »0.
The root lies between 4 and 5.

'1-..: =1y, (e '. F
e S sk

The given equation can be written as 2x =logx+7 or x =+Uﬂﬂ‘f+“

log x+7
2

Consider ¢(x)=x=

=4'(x)= (] iy <1 in (4,5)

Take x; "%E—d 5
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The first approximation of the root is give by

log (4.5
g =0(x)= p(4.5)= —Ug”[—z-—}ﬂ = 47252

Nexl approximations are given by
log (4.252)+ 7
2
log (4.2203)+7
2

+, We can take the approximate value of x a5 4.22 (since Iy =

_T: =¢'{II}=

=4.2236; xy = (x,) ='—°.5':"f.__3f']',_+_? =4.2203

_;_|_=|.JF{-1'3.]= =4.2199

I'J_-:I

_ Y P
- TS S B ety HLRN Y

- e S T

a-.-q--.--.

{_ EIHITI{J!EH U-Elﬂgllﬂl‘ahan methnd ﬁudarea] rﬂutn’f _,l"{xj : -3r+1 r.:nrreu:i‘upl'.'u
unudecunai plac-:s sfﬂﬂmg with'x =1, = |JNTU{I-:} Flzh Iﬂld{S-nth. 3)]?

— e ..__...I_._ g

— L ek L e R S I e P B o B v ¢

Solution : Let f(x)=x® —3x+1=0 - (1)

Equation (1) can be written as

;L‘I+I

"
=+l =x=

p
s Let ..'l:"—-I:I}[.r:I:I x

oy — 2%
= o(x) 3

-3
We observe that | §'{x)|<1 for |:|{% =~-E-{.rf:%

Wehave f(0)=1>0 and f(l)=1-3+1=-1<0
“ One root lies between 0 and 1.

Take ;UEG_ﬂ_DS
2

The first approximation of the root is

1 &
1=9x) =6(0.5) = m'ﬁ;—” = ﬂ'zj 1 04166 [

3 =0.4166

Izawﬂ
3

= 039117 41

= (L3911

={.3843
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(0.3825)% |

'Tj | A
3

(038212 +1
3

Hence the desired root is laken as 0.3820.

=0.3821

Xg = =(.3820

e
B S P T, L 1 -_r 53 P'"" e rl, -"r- Jr
Sy amp 13t find the R anduﬁ Jeg u“ i v{?r
Tl ) DEC 2016 (Ser

‘:'T-Li u..l_: i Ir—--'-“"r.,lr: t! ‘,"'J-r“ﬂﬁi TﬂEa L
Solution : Let f{:]:: -x—-4

Then f{l)=1-1-4=-4<0
f()=4-2-4=-12<0
f{3}=9-3—4=2}ﬂ
One root lies between 2 and 3.
Given equation can be written as x=d(x) in a way such that

P =xrd=r=(x+4)? =4(x)

Lo 11

¢{I}—1-J==I+4
R ] W
|¢{I}i—1m‘
. 1] 1
Now [9(x) ;=2 =E{FE

=% 7!?{ =1

" |9'(x)| <1 forall values of xin (2,3).

Thus iteration method can be applied,

We have  xy=2,x = d(xg) = §(2) = 62 = 2.4494
x) = 24494, x, = §(x,) = [6.4494 = 2.5305
x3 = 2.5395,%; = {(x,) = J6.5305 = 2.5572
¥y =2.5572,x4 = dlx;) = 6.5572 = 2.5607
xg = 2.5607,x5 = d(x) = J6.5607 = 2.5613
x5 = 25613, x5 = x5 ) = V6.5613 = 2.5615

1 =2.5615,%7 = dlxs) = /6.5615 = 2.5615
%7 =2.5615

We observe that x =Xy
. The approximate root of the equation is 2.5615.

<]

and 197x) |ea




L T I equation £y =( i 0.347,

The Newton - Raphson method s a power
squation. This method is generally used

111{"“1“‘:'5 . I

Let xp be an approximate rool of f(x)=0, and let 4 =xy+h be the correct root

which implies that f(x)=0. We use Taylor's theorem and expand f(x)= f(xq+h)=0.
By Taylor's theorem,

flx, + 1) = flx) + hfix) + k2 Fed+....20

_ luland elegent method 1o find the root of an
1o Improve the resulis obtained by the previous

= flxg)+h flxg)=0 = h=- f::x':'} (neglecting /2, K, ...)
S x)

Substituting this in X, weget, x =x5+h=0x,- flxp)
S 'lxg)
x, 1s a better approximation than x,,

fix)
J'r'l: ":J':I ;

Successive approximations are given by X3, X3, ... Xy Where X =5 -

This is called Newton - Raphson formula.
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A

; initial approximation say » Thep
» iterati hod starts with an 11 Slen g
Thﬁ gk onding point f(xp) on the curve y = f{x). Let thjs m“@:% i
drawn {rom the corresp : ; better approximation of the rag N fyg
- - x which will be a W
w another tangen 2 TR g
-;{xl ] 'm:d ::' The value of x, gives still belter approximation ang h
ihe pownt 5 X7 .

the Pm{“‘ﬁab,
ieved. =
continued till the desired accuracy has been achie

" Graphically this can be shown as in Fig. 4.
4 y=fix)
flixg)

f(I]]
Fixy)
= X
i X X
(8] / Xy | 1
(xg—x)
Fig. 5

1. CONVERGENCE OF NEWTON-RAPHSON METHOD
To examine the convergence of Newton-Raphson formula,

Xpa) =X — 'f{xf'}

Sx;) -(1)
We compare it with the genera] jie ration formula
"T.I'lr = ¢{I’|,}

fix)
where =x —ls
ere 6(x)=x, 7)) -(2)
In general, we write it as
$x)=x- L)
S(x) ++(3)
We have already noteq that the iteration method converges if | §'(x)| <!-
- Newton-Raphson formylg Biven by equation (1) converges, provided

(4

| ) "(x)| < | ()P
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in the considered interval, Newton - Raphson formula converpes provided the initial

ximation x, is chosen sufficiently close to the root and fx) '
: : o » J(x) and /"(x) are continuous
zsph{;undcd in any small interval containing the root. S i

guppose ¥, isaroot t:rf F{x)=0 and x, is an estimate of x, such that |5, - x|=h<<l.
Then by Taylor's series expansion, we have

= f{l}] =5 f{.'r.l' +Ifj=f{.l}-}+fr{,'f‘-H_rr ".:'i]}"f'f ;ﬁ}{.l'r —,i.‘f::lz for some EJE{'J-F’I!}_“ {'l:'

By MNewton-Raphson method, we know

/(%)
¥ — 1 A R
j#1 (%)
= filx) = G Nx = X)) ' - (2)
Using (2) in (1), we get
0 = ) =) + 2, -
Suppose e; = (x, —x;), I =x, —x,,are the errors in the solution at ™ and (i + )™
flerations.
o . cendilE)
il T
= Ef-lr] L Ellz

- The Newton method is said to have quadratic convergence.

1. Newton-Raphson Extended Formula (or) Chebyshev's Form ula of Third Order
Theorem ; The Newton-Raphson formula for finding the root of the equation f{x)}=0

I8 0 = xy - Mx) 1L/ {'x‘“}]i f"(x,) for finding the root of the equation fix) = 0.
iz} 20"

~ Proof : Expanding fx) by usin
in the neighbourhood of x,, we obtain

Sy =flx) + (x - x) fx,) o =0
Sixg)
F(x)
This is the first approximation to the roat.
L) 0
f(xg)
Again expanding f(x)

g Taylor's series and neglecting the second order terms

Itgives x=x, -

-'-.!.'I = 'tl:l =

by Taylor's serics and neglecting the third order lerms,
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: (x=1x3)° .,
we have, flx)= f(x)+(x=x3)/ (%) + 2]' S (%) +...0

. (5, — & ]I L K
o Sl = flag) - {a = X ) (X ) —"I_zl_ﬁ"_f (xy) =0
Using equation (1), the equation (2} reduces to the form

g VLRI o
J(x )4 (x =X, 1¥i {-‘fn]"'“z‘mf (x)=0
». The Newton - Raphson extended formula or Chebyshers formyl, oFtig
r_...i:

given by

R £ BISL FAC.)) oo
r‘-‘l o r'fﬂ lll!'rr{._q_"] } 7 [f"{ Iﬂ }]J ]
4. Merits and Demerits of Newton - Raphson Method
Merits

1. In this method convergence is quite fast provided the starting valye ;. ol
; e
desired rool, ' ' '

2. Ifthe root is simple, the convergence is quadratic.

3. The accuracy of Newtons method for the function S{x) which POS5ESS pres
first and second order derivatives can be estimated.

If M =max | /"(x)| and m = min |_,r"-'{x}| in an interval that contains the - 2]

; M
the estimator x; and x,, then |5 —o|<(x—a). =
m

(% —HII-E <1,

bi

Thus the error decreases if

4. Newton - Raphson iteration is a sin gle point iteration.

3. This method can used for solving both algebraic and transcendental eguac
can also be used when the roots are complex.

Demerits :
1. In deriving the formula for this method, it is assumed that ¢ is a notappes
x i N
of f(x)=0. In this case the convergence of the iteration is not guarke
the Newlon-Raphson method is not applicable to find the approximated W
repeated root,

' " " 5 . 'I], .I
2. Most severe limilation in the use of this method is the requirement that /1
A
i ¥
the neighbourhood of the root ¢ . Even a moderate value of f(xp)m® e

sampled by a large value of eifher Slxg)or f'(xy) to produce 8 vale £
result in a sequence that converges Lo a root that we are not interested:
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SOLVED EXAMPLES

i E:\EH“‘I"'“"l Usmg Newion R“Fhsﬂ“ 1ﬂ¢[ilﬂﬂ find an approximate root, which lics near
i“g afﬂvfﬁa“ﬂ“ﬂ" Rl 5=0 “P‘ﬂ W approximations. [INTU (K) Oct. 2018 (et No, | ]
© solution : Here f(x)=x"~35-5=0 and ['(x)=3(2? -1,

By Newton-Raphson iterative formula, we have

Slx) x=3r-5 24045
= x;— =gy -l =" i=0,1,2, ...

Jix) e 3{_-.,-1?_” _“IFI_”‘ e 1)

il =

To find the root near x=2, we lake x; =2, Then (1) gives

3 3 ' 1 i
£5 1645
P z*g - ; l =2 53 5= E";S :1“‘2'”332 3 22806,
-1 34- 9 36E-1 3{(2333) -I}
3 3 '
. 21 +5 _ 2x(2.2806)" +5 _22790 _ 2x(2.2790) +5:2_2?90

32 -1) 3 {[z.zsnﬁf _1} | {(2_2'}9[}}14]

Since x; and-x; are identical upto 3 places of decimal, we take x, =2.279 as the
requim:'l mul correct o thmf; plac:ts :)1" Lhr: dacimal

--------------

[,-;}_ ;:_-" .3!_-"{ _ﬂy;t_]l_es _I;l-l_:_t&g.f:-en []Iagi_ljvl__ AT [HTU[A}Jun-.:II}IE{SEHn 1)

Solution : Here f(x)=¢" —3x and fix)=e"-3.
By Newton-Raphson iterative formula, we have

fe) e -3y _ (5-De® g9,
S(x)

I S s )
Since the required root is supposed to lie between 0 and |, we take x; to be the average

i+l =X~

Wland 1, je. xy =0.5. Then formula (1) yiclds

(L1006

((0.5-1)* (0.61006-1) & )
= = 061006, = —gra 0.618996
g =3 i
0618996 (0619061 - 1) 017081
i = 00150096 1) & = 0619061, X4 =m0 = 0.619061
DOIRDIG o " -

We observe that xy and xy ore identical, we therelore, take x= (0619061 a5 an
r"pm’rlmaie root of the given equation,



e l;'&
- I T v :
e s

i iil-;uﬁlﬁlt 3 ﬁéfﬁﬁﬁéﬁ;’mnaﬂnphan’n mMethod:
(cr) Find square root of a number
(1) Find the Reciprocal of a number

. (¢) Find the m™ root q_l_';{l nm‘ﬂht‘:r 4

o e i T . e o
’ [t B -

[INTU Sep. 2008, (K) Foy, T

o —

Solution : {ﬂ'i- Squ}il'e root: |
Let f(x)=x%-N=0,where ¥ is the number whose square root is 1 be oy
The solution to f(x) =0 is then x= JN . Here f'(x)=2x.

By Newton-Raphson technique,

f(x) =N ! [ N ]
Xigy =X —= X - Xig=—| Xi+t—
TGy T T 20
Using the above iteration formula the square root of any number » cap be fir,

any desired accuracy. For example,
() We will find the square root of N = 24,

Let =+/24. Then x* =24

Let f(x)=x"—-24, Then f'(x)=2x
Now f(d4)=16-24=-8<0 and f(5)=25-24=1>10
~. The root lies between 4 and 5.

Since an approximate value of 24 = 4.8, we take an initial approximation be 5=

4.3+E] 1[23&44.24]:47.04:4_9
. 4.8 4.8 9.6

(. 24} 1[24.1]E+24]_4E.Dl

i 494 — ==
24 49, 2 4.9 9.8

T

I"-.'llll—-

I]=

= 4.898

.rz=

= 4 898

i
x| AR e ]= 3 [23.99[:“24}: 47,9904
2 4898) 2\ 4898 9.796

Since x, =x, = 4.898, therefore, the solution to f(x)=x>-24=01is 4,898, Thu®
the square root of 24 is 4,898, :
(ify To find the square root ol 10. [INTU Sep- (0 (!

Letx= 10.Then x*=10

Also let lxy= »*—10=0. Then f'(x)=2x

l N

Here, a = 10, X4 =—[I; + —]

2 X;

Now fi3)=9-10=-1<0 and fid)=16-10=6>0
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h
' The root lies between X 4,

p approximate value of 10 = 316, we take an initial appraximate root af the

ginee
* =3.8. Then

M:iﬂli"“ as Ay

4
L : In
3.5+{_€}=3.z|m=1,1m-_ ¥, = —E[].Elm o ]-.J.mrf

1]

I
"l|‘=I WPl

: }=3.It‘ﬁ?
11627

Gince X, =X, = 3.1 62, therefore, the solution to fix) = - 10=04s 1. 162. Thus we can
o ;Efﬂ“m root of 10 as 3.1627.
_ Reciprocal:

1162+

Bl | -

-

'3

Let fix)= 1 _n =0 where ¥ is the number whose reciprocal is to be found.
; =

. i =]
The solution to f(x) 18 then x= = Also, fl(x)= ;i
To find the solution for f(x) =0, apply Newton-Raphson technigue,

i
) |- Ax
- 'ri I =IJ'+IFI[i-HJ=II|+Ifz[ I!]

x i 'T.I'

Tial = X o

xf

= x, +x(1- Nx) = 2, = Nij = x(2-xN) (1)
For example, the calculation of reciprocal of 22 is us follows.

g _— " "
Since an approximate value of Meas 0.045 , we take the initial approximabion, t, 0,042,
22

5 Xy =xg(2 - xyN) [Putting i=0 in(1)] o
- 0.045 (2 - 0.045x 22} =0.045(2-0.99) = 0,43 (1.U1) = BB
X = ﬂ.m:‘m{u 00454 22) = 0.0454 (2 - 0.995E) = 0045 (1L0012) = 0545

33 = 0,04545 (2 - 004545 22) = 0.04545 (2 - 0.9999) = (L0 545 (1 000 1) = DU SA4S
xq = 0,04545 (2 - 0,04545 x 22) = 0.04545 (2 - 0.9999) = D331 00002 = 0048450

- The reciprocal of 22 is (),0454500,
) L Six)= " = N =0, where N is the number whose
Vo Jere f(x) = ma™
o)

I " - -__"’.‘.-:'..-.j—]--t-‘ =
by Newiton- Ruphson method, S0 =4 /) { ' |

a™ oot 15 to be founded,

|
The solution to Six) is then x = N

: N
:mrr"-r:"“'w ['m_!_"lﬂ”i.'..‘l._ ]-1'.1"-'”:'1 i-:u:{IJ--h{"'ﬁ.“*.I-]
™! T ! Ll Y



HNoe (e s 1wt 4 141G SUUALION corret to 4 decimal places is - 2.0914s

lo find the cube roo of N using Newton Raphson
[INTU (H) June 2111 (Set No. 1]
solution :Let f(x)=x* <N =0, when N i the number w

gaample 7 : Derive a formula
_hod hence find the cube root of 15.
Fthﬂ

hose cube root is to be found.

The solution to f(x) is then x= N3

Here J'(x)=3x"
Using Newton - Raphson formula,

J(x;) :,L.._-T?“N

) F(x) o 32

I

IE-I*] —] I‘.

_3:?—1?+N_Exf’+ﬁ

3x? 357

_l(gx. +ﬂ] i) [INTU (A) Dec. 2015]
3

Using the above iteration formula, the cube root of any number can be found out.
To find the cube root of 15
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S,

Let the initial approximation be x; = 2.4
Substituting in (1), we get
1 15 I 15 ]
Xy = == 5 — T j+.._
. 3[ ' [3.5}1] 3[ 6.25

l[5+i],l[“5+3] J(E]:z.%ﬁﬁ
37125 125 ) 3\121

Put i =1 in (1). Then

3
/ 15
Exl +_IJ
L

H
Hags00 12 3 =1[4.932+£] = ~[4.932+2.467] = 2.465
3| (2.466)" | 3 6.08] 3

Put i=2 in(1). Then

1 15 | 15 1 15
Xq==|2xy +— | ==|2%x2.405+ =l o 2
. '3[ : ,-.;;’-"] 3{ ’ {1.465}2]_3[4'93+6.D?6]

. |
===
- 3

= %[4.93 +2.468] = %[?.393?] =2.4662

Put i=3 in(1). Then

.r,,=E:- 2x3 + 13 ]

T ()
=1F2x 2.4662 4 -——]-5———} =l[4 0324 + 5 :| = 2.4661
3| (24662)° | “ 3™ 6.0821]
The value is converging to 2.466. We take Y15 = 2,466.- 520

T TR T N Nk



Example 11 : Find a real root for x tanx + 1 = 0 using Newton g, aphs,

INTU (K) 1"%%
155,
(or) Find the root of the equation xsinx+cosx = Ousing Newton Rﬂphsan et A,
[INTU Sep 2006, (A) June 2011, (K]DE i l::u
M5 s,

Solution : Given f(x)=xtanx+1=0. . J'(x) = xseckx + ta i,
Now f(2)=2tan2 + | =—3.3?ﬂ{1?9{ﬂ and f(3)= 3tan3+ - 5?

<1237,
The root lies between 2 and 3. We take the average of 2 and 3. 0
2+3
= 2.3
Let x,= =

Using Newton-Raphson method, X4 =% — Iz {,;.] , We obtain
I

f(x0) _ 5 g _—B8755 597558

e 1 e . : ]

f(a) (—06383) _
=2.77558 - ——~ =2.798
2119873 50004

2 e

(%)
fix;) ~0.0010803052
s e TR -9
I = £'(x;) 2.7983 2.798

Since xz = xj, I:here:i'ﬂre the rcal rm::t 15 2.798.

Examplﬂ 12 Fmd a m-::-t nf e’ sm xX.= 1 (neair 1) ugmg Nﬂwtun-Raphsnn § IR

r ......

R T e e 2D Iu!hm‘ﬁmzunﬁ (H) June 2010 (8"

ety T NS R

e T S R J—;. -..JMJ‘ “%““"-3- 1.4“-“

T TEe -'—-—-'H'h'l-'!'l-'l

Solution : Given e* sinx =1

Let f(x) = e'sinx—1= f'(x)=¢"(sinx+cosx)

We have to find x, and x, such that f{x,) and f{x,) have opposite signs. Then &
lies between x| and x,.
. Root of the equation lies between x, and ..

D) =€ sin0-1=-1<0; Al)=¢" sinl—1 =1.287>0
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o

. oot ol the equation lies between O g |

.f‘{”':

X LB, Ml

iy Hct‘t-’ll“"'ﬁ“l‘l"“““ s et hod, A e
R

|n|t
ot = (L5 . Then K = o sin (5) - | = - 0.20056 and

[} = :ﬂ'- [(sin (.5} cos (.5)] = 2,237328

fy -.20056

L RTINSy 04593665,

oo S0 0503665 e M08 g 503665) = |
e 59

T M) 3005 (in( 593665) + cos(.593665))

01286

=0.593665 - =~ 3.:-,]-,- = (1.58854

O ftm) 000018127
55 o 0.58854 — ——n— =0.58853

Since x, = x, = (L.38853, (he desired root of the equation is 58833,

‘T Example 13 : Find o real root of the equalion xe® = cosx = 0'using Newton Raphson
' pethod. LINTU 20068, (A)Junc 2009, (K) May 2016, Oct. 2018 (Set No. 3)|

{or) Using Newton-Rophson's method, find a positive root of cos x —re' =0,
|ANTU Sep. 20085 (Set No-1)]

(or) Find two values of » between which the root of xe® = cosx lies. - Rz

_ : 1 A it . [UNTU(H) May 2016]
Solution : Given xe® = cosr =0. Let f(x) =xe" — cosr=10
We have to find x, and x, such that f(x) and f{(x;) are ol opposite signs.

~ Root of the equation lies between x; and ¥y,

We have f(x) = xe¥ - cosy = [ ()= (x+ De"+ sinr
Now f(0) =0 - cos 0 ==1<0; J(0) =1+sin0=]
J)=e-cos | =2.177979>0; /' (1)= 627803

*. Root lies between 0 and 1. _-___',_

0+ | = -
Lfl,]'ﬂtn_z_.nﬂj iV '["I.I'{"'
By Newlon-Raphson method, we hove
1t o Ir—__Lfo} w (1)
,.l'r'|.r1'.r}
Viting f=0in(l), we gel

Sxq) (~(,053221926)

200 o5 - - =« (.5180]
(%) 2.0952507
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e e e e —

b |

Engingg f
" Mau%

|

Now 7 (a3 = (0.51803)" " - cos (0.51803) = 000083

and £ )= (1.51803) AR i (0.5 1803) = 3.0435

Putting 7 = 1 in (1), we gel
g m” 051803 P00083 o oo

Now f(x,)=(0.5178) c"*'™ - cos (0.5178) = 0.00013

and [(x;)=1.5178 PSR gin (0.5178) = 3.04234
Putting =2 in(1), we gel
fixa) 0.0003

S Xy =X — =05178-
BT 3.04234

=0.5177

Now f(xy)=(0.5177) ™" —cos (0.5177) = - 0.0001745
and '(xy)=(1.5177) ™77 45in (0.5177) =3.04183
Similarly,

Sflaq) 0,0001745
= L b ko e S A L
) T 0.5177573

Since x; =x,=0.5177, the desired root of the aquntmn is 0. 51?:

Example 14 : Find a real mut ofx +log,, x— 1 =0 usmg Hewh:u Raptser =
LLRRELEE A ~ INTUApril 2007, nqm:. 2015, April 2014 5!
ﬁnIulmn Let y-.r+|(}gmtu1 wfl)

We obtain a rough estimale of the root by drawmg the graph of ( 1) with the =
following table,

x | 2 3 4
¥ -] 0.3010 | 14771 | 2.6021

Since the curve crosses x-nxis ol X, = 1.8, we take it as the initial approv
Foo,

x'g

Flg. &
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Wwe have fxer=x+ IHEH].I -2 = fix)=1 + —I-anm e
X

- f18)=1.8+ logig1.8-2 = 1.8 +0.2552725 — 2 = 0,0555272

_ - | 0.4343
and f*(1.8)= 1+ 77 logjge = 1+ =1.2412778

1.8
gy Newton - Raphson method,

S S) e JO8) o 00555272

=4 1 i il ot
S S (xg) S(1.8) 1.2412778 Liaoi
Now flx,) = —0.00013658 ; 7' (x,)=1.247369
f(q) 0.00013658
=~ iy = 1755470+ S0 sy
Now flx,)= —0.0000001238, ' (x,)=1.2473536.
= Ex:} , 0.0000001238

Since x, = 1, the real root of x + logygx —2 = 0 is 1,75558.

----- [JHTU [A] J uue ZDEIE' {K} I‘-lay !'El IE {Set I"'q'u I]]

[ ”E;;!;‘.HE 15- Usmg Newton- Eapllsnn methﬂd find a pnsmve rcH:rt of ¥ —x-9=0.

: 3
s am e e L w

Solution : Let f{x} X —x= 'Ei' -

Now f(0)=-9<0,f(1)=-9<0, f(2)=5>0
.. The root lies between 1 and 2.
Now f(1.5)=-5.4375, f(1.75)=—1.3711, f(1.8)=0.3024,, f(1.9)=2.1321, f(2)=5

Since f(1,75)<0 and f(1.8) > 0, the root lies between 1.75 and 1.8.
Now f/(x) =457 -1
© F1L.8)=4(1.8P —1=22.328

Sfix)
_.i"_r'l.ra".l}

Since f(x) and £'(x) have same sign at 1.8, we choose 1.8 as starting point.

By Newton-Raphson method, x,,, =% -

E'E-i -t{r =4 ] rE 3

gy ) _ g SOB) o 0304, 4 60135=1.7865
) ST 08 T 22328

N“‘”ﬂxﬂ=m.mﬁs}=n.7555} ~1.7865-9 =~ 0.6003 <0
™ £(x)=4(1.7865)° ~1=21.807



470 Enn;
i "EFFI:EEﬁng M%E‘u}
TR L. I 17865+ 2:09%% _ 1 814
I "I-‘fﬂ' 21.807

Now f(,)=(1.814)" —1.814-9=0.014
and f'(x,)=4(1.814)° -1=122.8766

M=|.314-—£=l 8134
f'{.rl} 22 8766

Now f(x;)=(1.8134)* =1.8134-9 = 0.000303

and f'(x;)=4 (1.8134)" -1 =22.8529

£05) _ | g1qq_ 0-000303

ST 228529

Since xy = x4 =1.8134 , the desired root is 1.8134.
Note : Using Newion - Raphson method find an opproximate root, which lies pes: ,_

=1.8134

the equation x* — x—9=0 upto two approximations. FINTU (K) Oct. 2018 5qr%,

e el

Example lﬁ Fu‘i:ia rea.l mut crf fﬁu,f 2*‘{} ﬁxy]gfﬁeﬁrtun Rﬂphgmw
T R P e :nf‘___.'.‘ﬁgﬁ;é»“" [INTU (A)une 2055
Solution : Let f{x)=x’—x—2. Then 0 =3x" -1

Since f(1)=1-1-2=-2, f(2)=8-2-2 =4 therefare one root lies betwe|

By Newton — Raphson method, x,,, =x, —j:—,f:x% s 1)
: X
We take x, =1. Then we have j

X =X — S (%) =1- ﬂll'l—-—zhi (Putting =0 in(1})

S M2
f0) o S@) _ 4

=4

G =2y =2y =16364 (Putting i=] in (1))
x3=x1-%% 16364~ ff{llf;z) (Putting i =2in (1))
=1-ﬁ3ﬁ4—%§ =1.6364 - 0.106 =1.5304
1 =X —}%= |.53'[}4—E%—32%=1_52|44 (Putting j=3in(l)
X =x, j:f: “]} 1.52144 - “Eﬁijtlﬂ,q (Putting i =4in(!)

Since x4 = x5, the desired root is 1.57] 4.
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F,,,mple 17.: By using. Nawinn Raphsun méiﬁ'ﬂ_&;'Ei'l'i'riijfii;é?ﬂin?.ﬁf3}3:;;1'5 =0,
1 fo three. places of decimal, 1% : -. fuc 1020
ﬁﬂh'"““ Let f(x)=x*-x-10. We I'.:we fﬂ}*—ll.’]c:[lﬂnr.l fil] 4:-{!

so there is a real root of f(x)=0 lying between 1 and 2.

NoW j,-.-{_r} = 457 -1. Here we take Xy =2
=2 f(x) =4 fxg) =

The first approximation of the root is x = x, - S(x0) _5_ 4 _58_, oo
Ixy) 31 31

gecond Aproximation : :
fix)=03835, f'(x)=251988
0.3835

25.1988

Third Approximation :
f(x;)=0.004827, f'(x;)=24.5646

%y = 1.871- =1.85578

0.004527
24.5646
Hence the root is 1.856 corrected to three decimal places.

=].85558

x = 1.85578-

e s m—— e T

r'-'_ﬁﬁnﬁiie]ﬂ Emd amal‘mnt-af mﬁﬂquaﬁun cosx—x’ —x=0 using Newlon Raphson
_I g DR e L ONT U (H) Jan, 2012 (Set No. 1)]

e A LA
5 T ; P : E L i e AT S S
'I-—-l-.-é-“:a.-___ T e T e 3 RS i BTN L Sl

Solution : Gwenequatmmsf{x:l COS X = 11—1~E}::~f{x}|——smr 2e—1

Now f(0) =1, 7(1) = cos (1) -1-1 < 0. Thus the root lies between 0 and 1.

We will use the formula, X =X~ j: EL aj]' by Newton - Raphson method.

Take 2 =0, f'(xg) = ()=~

- The first approximation is given by

‘III'{'IU} ﬂ _{]_;]—:

fxg) . =D

Now f(x)= f(1)=cos(1)-1-1 =0.5403-2 =—1.4597
d () =—sin (1)-2-1 =-3-08414 =-3.8414

J."-xﬂ_

* The second approximation is given by

_ o fly) _, (=1459T) 03799 =0.6201
Ta=x- = | 3
I'0x) _3.841
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NoW 7(xy) = cos (0.6201)— (0.6201)" ~(0:6201) =08138 0384,

= —{0.1908)
and f'(xy)=—sin (0.6201)-2 (0.6201) -1
= - (D.5811)=(1.2402)-1 =~ 2.8213

f(x9) (- 0.1908)
Xy = rlar;}_ﬂﬁ-z[i] 28213 28213)

=0.6201-0.0676 = 0.5525
Now f(x;) = 0.8512-0.3052 ~(0.5525) = = 0.0065
and f'(x;)=-(0.5248)—1.105-1=~2.6298
—0.0065
= 0.5525—0.0024 = 0.5501
Now f(x;)=0.8524-0.8527 = — 0.0003

Since x; = x, , the approximate value of the root is 0.55.

S A=

== -—-———-—-—q—--l—' -:l- s 1"‘“::1:4:'. I;H—\.ﬁ-_zﬂ"- ‘E-E:f

Example 19 ; Find a real root of the equation 3x— cos¢—1=0 (or 3
Newton Raphson method. 13

Solution: Let f(x)=3x-cosx-1
f(0)=0=cos0=1==2<0
fi=3-cosl—1=1-0.5403 = 0.4597 > 0
-, The root lies between () and 1.
f(x)=3+sinx

= f(1)=3+sin(l) =340.8414=3.8414
By Newton-Raphson method,

f(x)

Taking i=0 and x; =1 in(1), we get

'Iﬂ+| = IJ- -

3 =In_f{rn‘! 04597
Sixg) 18414
=1=-0.1196 =0.8R04

" S(n)=f(0.8804)=2.6412-0.6368 -1 = | gp44 and ['(x)=3.7109

_ . S}
From (1), ¥z =x,— “ljﬂ{ﬂEEM} 0.2663 =0.6141

v Sleg) =1.8423-08172-1 = 00251 and j(x,)=3.5762
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ol
' X
(1), a=*~ j:{ 2)
FromiL 7 S(x:)

0.0251
=0614]-——— =
3.5762 0.6141-0.0070 = 0.6071

ﬂxj] =1.8213-0.8213-1=0
HE'['lEE the root of the equation ]5 0607

- EIHT“P[E zn' F ind a raal rn-n{ of f‘lngmx —12 Eiﬂgﬁém:}n-mﬁsﬁ; Haihuﬁ 3

[INTU (K) Feb. 2014 (Set ng};

(or) Write the two apPIﬂHlmﬂﬁﬂﬂE of xlogjyx=12 by Newton-Raphson mhﬂd h.
J L % ;_'-':I ".. ._«I : . IJHTU {_[{_]Hﬂ\' 2“13]

i e Ea s Eh e By AR A
_.-.__,_'h..-\.-——-l-

Solution : Let f |[.s:} xlﬂgm; 12

Wie have, £(2)=(2)log(2)-1.2=0.6020-12=—0.5979 <0
and f{3}=310g{3]-—1.2=I.43I3—1.2=I1313}ﬂ

o o

2+3 15
© The root lies between 2 and 3. Let Xp S = 1.

o Sy
By Newton-Raphson Method, x. =% £G0)

We have f(x)=xloggx—12

= 2
'z} =logp x +logge= logglex), where € 2.718
The first appruximatinn of the root 15

=25+ [ﬁ“&} =72.5+0.2565= 2.7435

The second ﬂppmmmﬂllm‘l aof the rool 18
Six) (2.7435) log (2. 7435) - 1. 1:|
Cht "—f,(; y = 274937 Ty (274354271 §2)
1
12024 -1.2 ]

=27q435- | 20T
& [Iug{?.diﬂ)

0.0024 _ 2‘1435 iy ﬂ_ﬂ{}g? = 1-?"“]8
0.8725

=2.7435-



474 The third approximation of the root is

2. 7408 log (2.7408)-1.20
log (2.7408 + 2.7182)

.1'3 = ET‘:I'DE—[

=z-maz—{ 1.2001-1.2 }

log (7.4500)

0.0001
0.8724

=2.7462 -

=2.7462-0.00001 =2.7461

We take this is the approximate vlaue of the root.

Engineering Mathem:
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4.10 NEWTDN-HAFHSDN METHOD FOR S

Sk
Let the non-linear simultancous equations be given by f(x,y) < a0 uﬂ'Ti

whose real roots are required with in a specified accuracy. %9 1

Let (xp.p) be an initial appmxlmatmn to the root of the system ()

If (xg +h, v +K) is the root of the system, then we must have

F O+l yg +K) = “} @
glxg +M g +k)=0
Assuming that fand g are sufficiently differentiable, we expand (2) by Tﬂ]rl

we obtain
ar af
—+hk—— =0
Joth arg +k-ﬂ}’n +..
% . @ g . (3)
g{,+h—+ka:i =0

 _|&f :]
where Y [ B b

E.'I'ld _,ﬂ] =f{rﬂ,_}=.}] ...... L
Neglecting the second and higher order terms, we obtain the following linear @

e .
h——
fﬂ % 'aID 5'_].-'1]
dg dg . (4)
# k =0
20 3 oy

Equation (3) possesses a unique solution if the Jacobian

o

éxy :
J(f,2)= does not vanish.
Sk % %

drg Dy

The solution is given by
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o
NI
J(.8) iy B
T ©)
y
.
J(f.8) |og
2 g

The new approximations are then given by

n=xg+h and y, =y, +k wr (0}
This process will be repeated till we -:-btam the roots to the desired accuracy. If the
teration converges, it does quadratically. We give below a theorem (without proof) which

ves sufficient condition for convergence.
Theorem. Let (xy,y,) be an approximation to a root (a,p) of the system of equation

lx,y)= 0 are g{x,y)=0 ... (1) in the closed neighbourhood R containing (a,B) .

If(i)if 7,e and all their first and second derivatives are continuous and bounded in R.

(if) J(f,2)= 0 in R, then the sequence of approximations given by

I & I e f
Xiy) =X~ Y 0| and y =i | O
J{f.g} ﬂ"}r 5}’ I J{_,.I',:!,} H E

tonverges 1o the root (o,p) of system (1)
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' 2”11}14*? -0 and 3 5y +4-¢.

pmenls Lo Mm IR0 g |J1~a:ruaqnm 2016 (MM-SetN
* golution We will solve the Ej’ﬂtem of equatmn using Newton-Raphson method.
Given f(x,7)=31x" ~10x+7;g(x,y) = 2 55 4 4 ()

7 i
Take x = E =233, y=1m f(x, ¥) and g(x,»)

2
fo= 3(1)(2.33)° —10(2.3)+ 7 =16.2867 - 23+ 7 = 0.2867

Eu‘ﬂ
i _ o .20
by —-10,L=322,28 0.2 _ay.
a0y ey - @)

¥ _6233)(1)~10 =13.98-10=3.98 & =0
I "%

¥ 30332 =162867 L =3
0 ' Gy
3.98 16.2867
=+
-3
Thus the convergence criteria is satisfied.

Consider J(f,g)=

We have f,},+h-i+k 9 . - (3)
oy o

= 0.2867 + h(3.98) + k(16.2867) =0



: o
\ |I| ST e Y|
" Ft‘n My
= 4 () 4 k(=3 = D= k=0
From (1), 02867 4 h(3.98) = 0

b i = “-I an? e (0.0720)
108

Fivst Approximation
\1-—.!.n|h‘ 2111“72{] 24“2
Wy th=140=]
seeond Approximation !
A= fxa;)= 3[!}[1.4(!2} ~10(2.402)+ 7
=17.3088 - 24,02+ 7 = 24,3088 - 24.02 = 0.2888

g = &lx.0y)= w5y +y=0

% — 6(2.402)2(1) =10 =34.6176 10 = 24.6176
1

i 3(2.402)" =17.3088

o
E=D|E=2_5_H3
hry &
¥
ax ‘Id.ﬁi?ﬁ 17.3088
Jf.8)= =
(f.g) % o 0 e
cxy @
Thus, the condition for convergence is satisfied.
) Y
I} ——
We have, f;+i[1¥|] " 0 o [5)
.s:u-h[']"‘}rk'."” 0
ﬂ.rj ﬂJr ap {.ﬁ}

Substituting the values in (5), (6H)

D.2888 4 /1(24.6176) 4 KITI0RB) =0 and 0+ ROy + k(-2)=0
= k=0
h(24.6176) = —0.2488

he==-00117
We have, Xp= X+ h=2402-00117= 2.3903
Yoy thk=y40=]

A
We take x=2.3903 and y=1 as approximate values of roots of the €&



W of Algabralc and Transcendental Equalions 489

.,...-e'_.-'.'.,|_=.!t-'::"'w olve L'L“M'Jiu‘n-’ﬂMLLl-b.r.lm- h.LJ-”J...IJ;'lIJL.!JM'-}'"EE-].!J'I' dx 5yt ~1=0
1 A e T  [UNTU (K) Dee. 2016 (MM-Se ";rtll
i ¥ uln“““ We w:ll sn:rlw: 1h¢ gwen system of equation using Newton-Raphson method.

ﬁjwnequatmnsare .t’2+_p ~1=0;y-x2 =0 ()
nke, fry=x"+7 ~Lglxy)=y-x?
and y=111p=123

i = f(1.11,1.23) =1.2321+ 1.5178 - 1 =1.7499
=g(1.1,1.23)=0.02

) d
“%“ 5 ARl @

~2(1.11)=2.22

=2(1.23)=2.46

1]

-20.11)=-2.22

Fw Blw Fix Fix v

222 24
J(f.g)= ] ﬁ'|=--HZI

:. The condition for convergence is satisfied.
We take

G LB o

= 1.7499 + h(2.22) + k(2.46) =0
0.02 + h(=2.22) + k(1) =0
adding, 1.7699 + k(3.46) =

It:'-l.'?ﬁgﬁ'l:_ 15
346 —
Substituting the values of k,

17499 + h(2.22) - (0.5115)(2.46) = 0
= 1.7499 + h(2.22) - 1.2583 =0
= h=-(02214)
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First Approximation
Xy =xg+h=1.11-0.2214 =().8886

y o=y +k=123-05115=0.7185
Second Approximation
£ =(0.8886)% +(0.7185)" -1

= 0.7896 + 0.5162 —1=0.3058

gl = — ﬂ.ﬂ?l I
Y _ 5(0.8886)=1.7772
aixy

I _2(0.7185)=14370
ay

% __1771.% -

ax, !
| 1.7772 14370
8= g
The condition for convergence is satisfied.
£ 23]
|4 k| =|=0. g +h| — |+k|—|=0 .. 4
ﬁ+h['5bf1]+ [@!’1) T 6%

0.3058+ A(1.7772) + k(1.4370) =0
~0.0711+ A(=1.7772) + k(1) = 0
adding,  0.2347 + k(2.4370)=0
= k=-0.0963
Substituting the value of k
—0.0711-0.,0963 = h(1.7772)

~0.1674 = h(1.7772)
h=— (0.0941)
%, =¥ +h=0.8886-0.0941 = 0,7945

These values are taken as the annroximaie roots of the Equaﬂﬂn' o



CHAPTER 5 Interpolation

1 wiconsicier tie statement y = f(x), x) < x < x, we understand that we can find
(he value f}fy , corresponding toevery value of x intherange x, < x < x, . If the function
fix) is single valued and continuous and is known explicitly then the values of f(x) for

certain values of x like x5, x;,..., x can be calculated. The problem now is if we are given
e set of tabular values

) To o) E2] | X,
¥ ¥alHW | ¥z | | n
satisfying the relation y = f{(x) and the explicit definition of f(x) is notknown, is it possible
o find a simple function say $(x) such that f{x) and ¢{x) agree at the set of tabulated
points. This process of finding ¢(x) is called interpolation. If §(x) isapolynomial then
the process is called polynomial interpolation and §(x) is called interpolating polynomial. In
our study we are concerned with polynomial interpolation.

5.2 ERRORS IN POLYNOMIAL INTERPOLATION

Suppose the function y(x) which is defined at the points (x,, y,),i =0,1,2,3,....n is

' continuous and differentiable (7 +1) times, Let & ,(x) be polynomial of degree not

exceeding p such that & ,(x;) = »,,i =0,1,2,3,..,n 1)

be the approximation of y(x) using this ¢, (x;) for other value of x, not defined by (1).

The error is to be determined. Since y(x) — ¢,(x) = 0 for x = x, %, %y,..., x,, We put
¥x)=d,(x)=Lm,,(x) (2)

Where m, 1 (x) = (x = xp) (x = X)) e (= X) (3)

id L to be determined such that the equation (2) holds for any intermediate value of x

such as r=xx,<x'<x,.

Clearly L = y(x') — $alx") (4)
T (x)
We construct a function F(x) such that F(x) = p(x) - b,(x) - m,,,(x) il 3)

Where L g given by (4).
We can easily see that F(xp) = 0 = F(x) = F(x,) = F(x") . Then F(x) vanishes
9+2) times in the intervel [xg,%,]. Then by repeated application of Rolle's theorem
(*) must be equal to zero (n+ 1) times, F"(x) must be zero a times ... in the interval

525
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[xg,x,]. Also F™!(x) = 0 once in this interval. Suppose this pojny is x

Differentiate (5), (1 + 1) times with respect to x and putting x = .. Wﬂmgi}:txﬁ e .
LR
. s ()
y"HE) - L | + 1) = 0 which implies that L = _n_:_l_ |
. -},J!-I-I{E:} 4
Comparing (4) and (6), we get, y(x) —¢,(x') = el Te(x)
n’ﬂ {x} H+

which can be written as y(x) — ¢,(x) = __lr::-l i g '{ﬁ}m Yo <&<x A7)

This gives the required expression for error,
5.3 FINITE DIFFERENCES

1. Introduction -

In this chapter, we introduce what are called the forward, backwarg and ¢

differences of a function y = f(x). These differences are three standard CXamp
finite differences and play a fundamental role in the study of Diffe
an essential part of Numerical Applied Mathematics.

2. Forward Differences :

rential calculug Wl

Consider a function y = f(x) ofan independent variable x . Let Yo

-}r| l.]"II.‘"': |
the values of y corresponding to the values xg,x;, x,,.

% of x respectively. Thy

~ Yi»-. are called the first forward differences of y, and we d:
themby Ay,, Ay,,..... Thatis By = »

differences y, - Yo, Va2

= J’ﬂuﬁ.}’l =¥ = ¥,y = B Rl | T
Ingeneral, Ay, =y, -y, r=012_. N

Here the symbol A is an operator called the Forward difference operator.

The first forward differences of the first forward differences are called second for
differences and are denoted by A2 Yos A2y, ..

That is, ﬁzyu =4y -4y, &Eyt =4y -Ap,..

Ingeneral, A%y, =Ay,,\ ~Ay,,r=0,12,. ok

Here A® i3 an operator called, Second order Forward difference operalt™
Similarly, the n* forward differences are defined by the formula .
ﬁﬂ..}'ﬂ- = ﬂ"_I_p'rﬂ - ﬂ."_lj:lr,r= [L],I,... .

While using this formulg for n =1, use the notation A%y = y,.

- s
=

If f(x) isaconstant function, i.e., if J(x) = ¢, aconstant, then y; =1 =1

- peder
and we have A"y, =0 for n =, 2,3,...-and r = 0,1,2,..... The symbol A" 5*
the n" forward difference operator. ,

Note: A Jx)= flx+ k)= fix)
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properties : The lirst forward difference operator A have the following properties :

0 Ac=0 (differences ol a constant Tunclion are zero)

(i) Afev(x)) = cldr(x)), where ¢ i3 a constant
(i) Al w(x)) = Au(x)+ Avix)

(i) AENE] =R+ V(x + DAu(x) (or) Af(x)glx)] =[x+ mAg(x)+ () (5)

0] s rns [0, st ftete
v) a[“[ﬂ ey ©P ’i[ g{.r}.|_ glx+hgln)

Nate : Proofs for (iv) and (v) are given in Solved Example 1.

1, Forward Difference Table :
The forward differences are usually arranged in tabular columns as shown in the
following table called a Forward Difference Table.

Valpes of Values of First . Second Third Foorth
x ¥ differcnces differences differences differences
i) Mo
Ay
=n-="
Ay, =
% N Ay =4y
An ﬁa_u, =
=y~ N At =A%y
] AP = &ny=
¥ Y2 Ays = A0 Ay -a'yy
Ay an=
=) —_j’:_r ﬂzrllz —.."'lul_l'|
ﬂiz_l‘j =
o ¥3 Ay =&
- A Ay - il i
Iﬁ o g = e e
i
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Example : Finite Forward Difference Table for the function < 3

3 4
¥ y=flx) Ay Aly Ny Ay
| ]
3
19 6
3 27 I8 0
37 6
61 b
5 125 30
91
6 216

4. Backward Differences :

As mentioned earlier, let vy, ¥, %3, Yo ... be the values of a function g

corresponding to the values xy,x;, x3,.... X,,..... of x respectively. Then

Vyy =3 = Ye: V¥ = ¥a = ¥, V3 = ¥y = ¥3,.... are called the first backr
differences.

In general, Vy, = 3. — y,_;,r = 1L,1,3,.. o ||

The symbol ¥ is called the Backward difference operator. Like the operator 3
operator is also a Linear Operator.

Comparing expression (1) above with the expression (1) of previous sectot
immediately note that Vy, = Ay, |, r = 0,1,2, <

The first backward differences of the first backward differences are called =
backward differences and are denoted by ';?Eh,vz Yo Voo L

2
v Y = ?}"2 = "F}"h ?2}"3 = ?_1’3 —?j-'l,.... "
In general, vy, = vy - VY, gy ¥ =12 &

[l -}1 BEEE
Similarly, the n* backward difTerences are delined by the formula
?"J,I'r = ?"I I.I'r e wﬂ_ij'r_l‘ r = "1, M+ l-.n-u

While using this formula, for i = | we employ the notation ¥y, = ¥,*

Il y = f(x) is a constant [unction, then y = ¢, o constant, for all *: .
Viy =0 forall n.

pd W

The symbol V" is referred to as the n® backward difference operalor
Note: Vf(x)= f(x)- f(x—i)
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8 choward Difference Table :

The backward differences can be exhibited as shown in the following table, called the
ward Differcnce Table.

fack
] X 24 Vy rl ¥ v,
|
Iﬂ .]"I{I
Vi
1 ¥i Vi,
E_}'I ?3}-'}
X3 Ya v:h
Vi,
__I' 3 Y3

5. Central Differences :
With ¥0s Yi» Y2402 ¥, @s the values of a function y = f(x) corresponding to the values

fy Bpren Xpaneee OF X, WE define the first Central differences 8y,,,, 8Vy2, O¥s20--m 85

follows :

Bz = N — Yor Wz = Y2 = Vi Wsrz = V3~ Yoo &y = ¥r = Yr=i 1)

The symbol & is called the Central difference operator. This operator is a Linear
operatar.
Comparing expressions (1) above with expressions earlier used on Forward and
Backward differences, we get

Syys = Ayg = V. 832 = By = Vs Bysra = Ayy = V5,
In general, 8y, 119 = AV = VWars 7= 012,00 42}

The first central differences of the first central differences are called the second

central differences and are denoted by &2y, 8yq, 8°y3, wunre THUS,

8y = B3 — B2 &7 yy = Bz = B ips v 8y, = Byepn = Wpan 3D

Higher order Central differences are similarly defined. In general the n® central
Gifferences are given by :
() forodd n: 8"y,_i;2 = 5"y, - 5" s ¥ = i

{ﬁ] fﬂl’f:'uﬂﬂ n E#.}Jr " E”FIJ"'FI-I.I'E PEJ[_I-"’r—I.I’l" G I"E"“'

While employing the formulu (4) for i = |, we use the notation 8y, = v,

If y isa constant function, that s, if y = ¢, 1 constant, then §"y, =0, forall n 21,

The symbol §" is referred to as the n™ centrnl diflerence operator,
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1
7. Central Diference Table : | | :
The central difTerences can be displayed in a table as shown below s, A
Central difference Table. by
4
X p By &y &y &y
Xo Yo
vz
23 ¥ 6%y
3
a7z ¢ 132
4
x5 Vs 8y, 8" ¥y
s 2 5 g2
X3 ¥ & B
S¥7s2
X ¥4

5.4 DIFFERENCE BETWEEN INTERPOLATION AND EXTRAPOLATION
[INTU (K) Dec. 2016 (Serta|
Interpolation is the process of computing the value of a function y for any intermed

value of the independent variable (x) while the process of finding the value of the funita
for some value of x outside the given range is called extrapolation. |

Interpolation : Interpolation is the estimation of an unknown quantity betweas
known guantities or drawing conclusions about missing information from the a2
information. Interpolation is useful where the data surrounding the missing data s aaid
and its trend and longer term cycles are known. |

Extrapolation : Extrapolation is the statistical technique of inferring unknow?
the known data, This is used lo predict future data by relying on historical data. This 53
when the present circumstances do not indicate any interpolation in the long ESIuhli:i.h"!Ei
trends. Extrapolation is the process of finding a value outside a data set. This t00l¥
not only in statistics but also in science and business, 1
5.5 APPLICATIONS OF INTERPOLATION [INTU (K) Dec. 20165
I~ Using interpolation we can take a set of data points (x;, g(x;)) = (500 and E|J|rr

them into a continuous function, Such process is called curve fitting. TH¢

: . s
function (curve) may characterise the relation between the variables
continuously rather than discretely,

. . . e
2. Using interpolation methods we can construct polynomials, splines and (g’
polynomials.
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SOLVED EXAMPLES

!J FInmpIe’l The fﬂ“ﬂ\'ﬂﬂg table gives a sel of valucs of x and the cc;}rcﬁﬂﬂﬂdlﬂﬂ
..]ugs nf,'l-' = [ (x).

5] 20 ] B 30 [ 5 T
v | 1997] 2151 2247] 23.52] 24.65 | 25.89 o
. Form the forward difference table and write down the values of 4 £(10), 8 3..!" 19, i‘-!f if']"
E’“d .:uff{lﬁ v e _J
" gplution : The forward difference table for the gwen values of x and ¥ is as shown I:reiuw
¥ ¥ Ay Al ¥ Al ¥ Al ¥ A? ¥
10 19.97, & -4
1.54 N
15 2] .5! rdl —0.58 ) A
: ' ﬂ%ﬁ W ﬁ%x Py 7
0 247 o 05"7 0.09 =4 6. Y
] I“"‘ _;} 0 h: h 3 \,u" 0.72
s 252  py 008" }/+004
' : 1,13 Ay 0.03
W 2465 oA oar 1
' 1.24-
_~35 2‘3 29

We note !hat the values of x are equally spaced with step-length &= 3.
5 ¥ = 10,5 =15 0u X5 = 35
and g, = [lxp) =19.97

v = fix) =215l

T e e e e 5

------------------

From table, we have
2. _ _p.58:
AJ(10) = Ay, = 1.54; ATFU0) =A%) = ~0.58;

L ‘ﬁ]f“fp} .I':'l-}-’t _"ﬂﬂ] f[lj}-.l'"l-,H --ﬂﬂ-"-‘

e mﬁ-':fﬂ mple 2 ; Cnﬁﬂfru:':lhpr '“ﬁ:-rwnnl difference fnhlu from Ihu Fulluwi’ng qﬂimﬁ"'ﬂ,
2 o (7 T I e .

ol s -i'i-]",ls':.. 22| 3 46

|" if 'F i L} J.
l'

_.L.-\__ﬁ_h_.l.}:ﬁl ._;_‘l. 'Hi'--i- '-'~J.-+-I!-l-ll— '!L'.l-.pl- Al -h--‘ G S e




Intarpolation
Solutien : The forward diflerence table for the given values ofx and y 5 shyy
: : ) — i
X », Ay A%y ATy -ﬁ"'.l'
: ]
n = 0 Vo = I
ﬂh}'ﬂ = 0.5
o o
X = | - 1.5 A Jo =02
Ay = 0.7 ﬂj]"ﬂ =
=2 ;=22 A%y =02 8%, = 0.4
Ay, = 0.9 Ay, =04
T Ay, = 0.6
X = 4 Ya = 4.6 =

Now, Ay =y, =3 43y =y =46 -3 3.1)+3 (22) - 1.5 =04
Again, we have
Fr =23 + IE:'ﬁ_}'u + rCzﬂz_}’ﬂ + ICJﬂa}'.u. + I{:‘ﬁq._]-'u

—l+x [[I.S}+% (x (x = 1)) (0.2) -I—*-;—‘..'-: (x —1) (x - 2) (0)

+$:(:-1) (x = 2) (x - 3) (0.4)

= I+-%.I+ﬁ{.xl -x)+§5{xd - 6x® 4+ 11x° - 6x)

Here [-1)=~-1-5-7=-13.
flO)=0-7=-1,
fA)=1+5=-T=—1,
A2)=8+10-7=11,
A3)=27+15-T7=135,

Solution :
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fi4) =64+ 20 -7 =77,
A =125425-T = 14}
We form the difYerence tahle ns follows:

x R Mx) Ay Al
=13

6
0 -7

0 0
! -

12 6 6
2 i

24 12 6
3 35

42 18 6
4 77

66
5 143 24 6

We note from the table that all the third forward differences are constant. This illustrates
, ﬂumulldzsmssad in 2 5

T " I‘! -L‘:'.__',; : .I... i
Snluﬂ-un Thc Ccnu'al difference table is

Since x, = 0 and i = 1, we have ). = firu—lhl=ﬂ-rl
=8f(- _Y2y =4, & ¥ =4 &'y

iy = =3~
lnw’lu;in&]i’ S A ﬂiﬂﬂ" i

x  yp=J) by gy &y By
-2 12
4
-1 16 -5
ey Q
] 15 4 ~14
3 -5
i ] 18 -1
I 2

I‘I'Il:u'n the above table, 5 ¥ 12

i !ha‘iiﬁi"’ﬂﬁﬂ term in the fol

12
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Solution : Consider A%y, =0 (we are given only 4 values)
= ys—4y3+6y; —4y +y =0

Substitute given values, we get

814y, +54~-12+1=0 = y; =31,

Note : From the given data we can conclude that the given function 1s ¥
. have to assume that y is a polynomial function, which is not so. Thus ws

-3 =27.

e e ot i o e Bt A Lo Rt N AL TR TR RN T
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' iven only 4 values)
Solutlon ; Consider Ay = 0 [w: are g

= yy—dpy by -AN TN
Substituie given valucs, We gel i
31—4,1'3+54-I2+|=l} = y; =31, |
. lude that the given functiop
: the given data we Cﬂll‘ﬂﬂ-nﬂ _ i gi
we ]mrigilfn n';srﬁ:.: t’m{ﬂt yisa pulynmnml function, which is not so, Thy
p=3=27

'iS.].lz}- T
=1
EWEETE“M;'

AR

s AR k5 G g
iy B =
hat oSS

O¥e_1i2 = Ve = Vel - (1)
and Ez}'n =04 _ﬁyﬂ_—_l. o (2)
£ 2
From (1) & (2), we have
8% ys = 8y11/2 — ¥ara e {3)
Bz =Y = ¥s e (4)
Bz = ¥5 — M e (5)

Using (4) and (5) we get

5 ys = yg —2¥s + ¥y

which is the required result.
tion : (i)
8 f(x) = B8/ (x)}

e A)

- Eﬁlu

= UG +h) = fO) = (£ () - flx—h))
=(A-V)f(x) e (1)
() AVf(x)= MYF(x)} = ALf(x) - £(x = h))
= Af(x) = Af(x = h)
=& (x) = {f(x) = flx=hy)
=& (x)-Vf(x)=(A-V) f(x) v (2)
The required result follows from (1) and (2)
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; sYMBOLIC REL ATIONS AND SEPARATION OF SYMBOLS

we will define more operators and symbols in addition to A,V and & already defined
and cstablish difTerence formulae by Symbolic methods.

pef. The averaging operator W is defined by the equation

|
Wy =2 Uraz + Yein)
|
or Wy, = E[J’:+g A P_r_‘_’i|

pef. The shift operator E is defined by the equation Ef(x)= f(x+h) (0r)} Ey; = Vesp
(of) E)r = Yrst- This shows that the effect of E is to shift the functional value y, to the
next higher valug v, . In other words, E is the operation of increasing the argument x by

p so that Ef(x)=f(x+h).

A second operation with E gives E?y =E(Ey)=E (Ja) = Vraz
ar B2 f(x) = f(x +2h), ete.

Generalising E"y,_ = y,,, oF E" f(x)= f(x+nh)

Def. Inverse operator E~' is defined as E~'f(x)=E"" flx—h) of Ely, =y,
or E._I_].I'r = Vraj-

In general, E" ¥, = Vr_p-
RELATIONSHIP BETWEEN 4 ANDE

We have Ay, = — 2 = Eyy— 2 = (E -1
SA=E-lorE=1+4 (1)
Alternatively, we have
Ay, =Vren =¥ =BV ¥ = (E=11y;
This shows that the operators A and Eare connecied by the symbolic relation A=E-1.

SOME MORE RELATIONS
ﬂ.:‘_l.-'“ = {E e ”3 PU . {EEI- - EEI + 3E . 2 I}_]'"l} = -J_JJ = ]Jrz -k JPI - ¥o

Ay =(E -1y yy = (B o+ )2y = (B +4E Fl-4E —4E+2E% )y

(B ~4EY + 6E% —4E+1)yg = ya 70 1602 =4y + )

We can easily establish the following relations:

) ¥=1-p1 |JN1'U{I-:}m::.zum.ﬁq:rllIul'.l{scmu.zj.]

(i) §=gv2 _ g2

. e e e
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Gii) p =~ E" + E) () A =EV = VE = ggin

(v) p,z =1+ iﬁz JINTU (K) Dee. 2015 (Set No. 2)|

-1, _ -1 4]
Proof: () Vy, =y, —Yea=)r—E ¥ =(-E
- w=l-Eor E=(1-V)"
(i) We have &, g % ' A By =Y aTY b
2 2 2 2
- 8y, =EV2y_-E 2y
. 5EM2 _p12

|
(#i) Yy, = E'U’m.rz + ¥ro12)

1 - | )

— E[E’“;}"y + E- IJ'I'}IIP} T EI-EUE + E- ”1]_]-"..
= %[E”E A E—t.r:]_

[1.1-'} E?}’x = E{_}': _,!":—_kj= E.}r; _E-ll"l.l:wl'r = Vuh = Vp = -ﬁl}":

Also VEy, =Vy, p =¥run— ¥, =4r,. ~ YVE=A L
From (1) and (2), A=EV =VE v (3)
=

o EE”I}G - Ey[ﬁ -2] ;- JJ[;+£+£:] i I}r[.l'-p'ﬁ J:] S¥aeh Ve 5 Ayy

21 253

s BB = e (4)
Hence A=EV =VE=5E"? [From (3) and (4)]

(v) Weknow that u=%{E”1+E“”} w.(Dand 6= - ..(2)

| s
“3 =E[E”E +E UEIE =-'l—[E-+ E—i +2]
4
] 12 =122 1
= [ET-ETY a1 = 2% 4+ 4), using )
e i-[ﬁz +4).



r"

" golation

S —

Note -
eparale the effect of E into powers of A . This method of separation is called the method of

837

pef. The operator D is defined as D y(x) = i[,w;x}}
= :
pelation between the operators D and E [INTU (K) Feb. 2015 (Set No. 4)]

2 i

Using Taylor's series we have, ¥ (x+h) = p (x) + hy'(x) + %P"{ﬂ _,_%:_.-"{;j + o

#p: #D°
o —
21 Y
-':I:l}

aaaa }I‘I =, ﬂhﬂ I.]'r.lﬂ

This can be written n symbolic form Ey, = [| +hD+

(- The above series in brackets is the expansion of e

. We obtain the relation E = &P, (3}

Using the relation (1), many identities can be obtained, This relation 18 used to

ggpa_tﬂfﬂﬂ of symbols. Some examples are given.

GELATIONSHIP BETWEEN THE OPERATORS
= E A v & hD
s - I 52 KD
£ E A+l (1-¥) L 505 :
Fa
S {l+-—5 ]
! 4
1 Iﬂl
il E= A (1-V] =l 207 A
] [1+151-]
4
i -—8+ _
v| g |[1-a+a) v I-e
5 [1+153J :
4
12 335“”&)—]
& EI.']'._E—t.fE MHD]'W v(1-V) 3 L2
f
I 12 | .3 hD
vzl Lo la-¥ +=8 ] cosh —]
|
I-- E
o i 2sinh”™! —]
_-______—-—'




Note : Prove that A=E -]

Sol. We have Ay, =Vxsh =¥, = E.Pr =¥ =(E g}
. A=E-I

FhL AL wre T

¥
o b

"“'| ! .' ﬂ..l: Pk II_|'.

Solution : A(e™ log fH]q =e®* log (b(x+ h))~e™ log bx

= E“,Eh.lﬂg (bx + bh) - ™ log bx

= g% [e" log (bx + bl)—log .!:u:}

Alternate Method : Apply the property
ALf(x)g(x)] = f(x+ h).Ag(x) + g(x)Af(x) (Refer Example 7)



Interpolation

EXampled s 1y T3valunte m*’ﬁ&"ﬁ in ﬂﬁgﬂx} TINTU (5 el -
.{ﬂi} A sin (px o+ g) [INT U (K) e, 2015 {sm No. z)| {n-] Afariy

'b.:-‘-' i P i
'-.-. ok i

”‘”‘*E*‘*} Al [INTU (K) Moy 2016 (SeeNocl i
Solution : Let /i be the interval of dilTerencing, Then

. [T T A
()  Acosy =cos(y+h)—cosy = nz.r.m[x 'I'EJH'HE'UHHE’ cosCl - cos) F“"“Llla

flix+MY]..d
(i) Alog f(x) = log f(x+ h) = log /(x) = log [_fﬂ}_] 18 < oga-tog

S0+ A | _ a.f{x]]
= 'Ing[ IS ] Ing[] | “f{x}

(i) Asin(px + q) = sin[p(x + ) + g] - sin (px + q)

= 2cos pr+q+E]5inp—ﬁ [‘.'sinﬂusin[}=2m5c sm[ ~D]

2 2 2 7 |
=2sm—sin|—+pm@+g+—
Tig hal T

Al sin{ px + g) = Esin%hﬂ[sin(px + g + %[‘.ﬂ:-l- p.ﬁ}]]

2
=[Esin%h:| sin(p:-:+q+2_%'{rt+ph}) |
|
Note : If h='5= find A®sin (px+q)° [INTU (K) Feb. 2015 (Set\e 1
(iv) Atan™' x=tan'(x+h) - tan” x |

-

-1l x+h-=x ¥ =V
= lan ctan”™ x=tan”! y=tan”!| —
T+ x(x+h) |: . I+ xy

= h
I +x(x+h)

= lan

() pApHh = @ tieh _ aceh e th ok avth

A L)) ()
i':!lzf'"‘l."ﬁ o= ﬁ [',1 (Erﬂ+ﬂ]] - .ﬂ H_E:IJJ s |:’ LE“'"-“I:]]' 'I,Lﬂ.iﬁg[l}
= (e = 1) A (€'*) [+ e | is n constant]

= {Eﬂﬁr 7 ]}1 Erur-l-ﬂ
Prﬂt:ccding like this, we pel A" [E‘“"‘""'] i {EHJ'I . nn Emﬁb.



Example 7 Find () A (7)) BNTUROAPrit2019 (g No 3)

wa[ 8] ey,

b 55

e e TR T T
- o i
K

 Solution : Lel i be lhe interval ni‘d:t‘l‘ﬁrencmg
(N A[S(x) g(x)] = flx+ h) g(x+h) - f(x) g(x)
= f(x+h)glx+ By — [(x +h) g(x)+ [(x +h) g(x) f{
= fx+h) [glx + h)— g+ 8(x) LS (x + h) — f(x
- fx+h)agx)+gx) AS().
fe] farh)  J) _ fG gl - [ g+ h)
@ ﬂ[ f]] gx+h) g(x) g(x) g(x +h)
f':-’f + h) g(. g(x) = f(x) g(-’:} + f(x) g(x) = f(x) g(x + h)
. g(x) g(x + h)
() [+ ) = f] = f(0) [g(x + ) - (o)
- g(x + h) g(x)

@AW -f@Agx)
{I + h) g(x}
.-'x. ﬁ.» AR 151-;:.- - Jﬂ‘

gﬂs m:u Epl'm-'l: that J.':. f {1:}-
L _;.5:':- '- : :?.' : "-'-'-=" =' B “."‘ ; ;-_; : [JNTU(H)JU{JEIUIDH
Solution : We know that

5[ I ] 1 I _Zfe+h)-f)] _ — —A f(x)
f0) k) S SO fGAR) f)f(x+h)
Taking j =1, we get

ﬂ{ 1 ]# -A f(x)
f(x) ) flx) flx+1)

Hence the rﬂsult

| ; 3 J.Example,kﬂ‘ 'Fmﬂ me*sacﬂndxdl_ffere .;; I th gpu Jmnqltﬂl ﬁ;ﬂ—rllz; +4-
pithnterval of diffrencing 2. rmﬂﬂ!lf'ﬂimfz.%“"‘

Su]uhun. Let f{x)=x"-12x" +42x* —30x+9.



parpolation 545

pirst difference of f(x) isgivenby 4 fix)
L af(x)= Sxeh) = f(x)
= flx+2)= f(x)
=(x+2)' =12 (x+2) +42 (x+2)? - 30x (x+2)+9-9x" +12x" = 42x" +30x -9
=8y —48x" + 561+ 28
second difference = A" f(x) = A[Af(x)] = Al8x? - 48x® 4 56 + 28]
=B(x+2) —48(x+2)" + 56 (x+2)+28
-—3f+4sx ~56x-28 =48x" -96x-16-

m —— —— = "

e e

E!umptc 10: (i) Show that Z Al 1 = AL —Af 2

km i

[INTU 2003, (K) Feb, 2014, Oct, 2018 (Set Nn-d}l"'

(i) If f(x} = ™ ,show that A" f(x) = (™ — 1)"e™ JINTU (K) Feb. 2015 (Set No. 4_}|:

it b |
A, = fAg. o

(iii} Show that &[ i J = & /i = fide; |INTU (K) Oct. 2018 (Set No.3). ]

E: gi'gﬁl

T A T TEsr s

(iv) Show that A 2 = (f; + fu)d fi. 5 ;--]
[INTU 2006 (Set No.4), (H) May 2016, (K) Oct. 2018 [Setﬁn 2

b-ululmn Let y f{x} The first finite forward difference 1s Ay, = ¥poq = Ve -
Put yy = fxy) = fr, weget Afy = fro = J-

. The second differenceis A2 f, = A (Afi) = A (fra—fi) =Afia—af (1)
L) Eﬂsz = A+ AYS A AP AT S R AT

l z

|

= (Af, —Af)+(Afy - AR+ (AL ~AL)+(Af = Af) +o +(Af, — A
using (1)

=Af -Af
W) Given f(x) = e=, we have f(x +h) =

E.:EJHFJ] 1

Here, h is the step size and x,, =X +/

!
We have to show that A"/ (x) = (e =1)".¢
This can be proved by mathematical induction.
First we shall pmw: that this is true for n = 1.

{ﬂ-"“" }I ar _ E’m - E.ﬂ'f = Eﬂ'"""'”-"' e,

il Er:ir+ﬁl —¢™ = f(x+h) = flx)=4[(x)




rpolation

s ASG) = S D) = S(x)
Therefore, the result is true for n = 1.
Assume that the problem is true for n = 1.

Now consider, A" 7(x) = A" f(x + ) - A" f(x)

- {Euh - I}JJ'-IEH {x+h) _ ﬂur! ]}n‘ |

- {E’ﬂh ]]II-l [E {..t'l'.ﬁ'} — ¢ ] e (E x ]JH_]" [Em_‘
__{ ah ”n -1 [Eﬂ.t{eﬂ.ﬁ' IH {Eﬂ.ﬁ' ””"I_{eﬁlﬁ i
. {Euh = 1] [+1+Em' - ]} ™

ﬁ"f{l} — {:Eﬂ'ﬁ _ I]'".E-"ﬂx-

) According to first forward difference, A /; ] /R /;
gi Bi+1 &
N gidf; —gAg; _ g:(fiy = J1) — 1i(8ix1 — &)
o Ei-Bivl Ei-8i+l
_ gifiv1 — 8l — fi8isy + ity - gific1 = fi8isi
i Ei+l Ei -8i+

_ &l _ _Ji8in _ S S

i-8iv1 Ei-8ix1 Einl &

; ﬂ[ﬁ) _ 80— fiAg
gi EiEixl

) We know that Af, = f,., = f;
N S AR X O f] (Sint = £3)
= U-HI +__f}]£‘.j, [ a” - b -(:.' :'}}[:‘]-l—&]]

‘:.ulu[lun Lx:t _,f{x] A‘{A‘“Il]{.l + 2}{1. +’-:} Thﬁl'l
Alx G 1) (x+2) (x4 3)] = f(x + h) - fx). Here h = |
Then we have

AL DO 204 9] = (1 41) (1 42) (x4 3) (b dy (e #1) D

=) x4+ 2) (x - 3)[x+4-x]

i ='ﬂ'r'|"l‘-l'.l Fag 0. ™™ & ¢ m )



= A% 1l. 3,

« fxample 13 ¢ Show that A[(1-x) (1 -2x%) (1-32) (1-4x*)] = 24x 2" <101 if h=2
: [INTU(H) 2009 (Set No.

T Gotution s AV[(1-x) (1-242) (1 -3 ) (1 4y }]' |
= A"((~1) (-2) (-3) (~4) x'* + terms containing powers of x less than 10]
=24.|’"|.|”[ Iﬂ]

=24[10.2"" [ A"f(x)=|nh" and h=2]
“Example 14 2 IF flx) = x} + 5x =7 form a table of forward differences Iahmg
.r““'l 0,1,2,3,4,5. Show that the third d[ﬂ'erﬁncﬂsa:ecnnslﬂnl .

Solution : Here f[—=1)=-1-5-7= 13,
f0)=0-T=-7,
A=1+5-T==1,
f2)=8+10-7=11

AN =27+15-7=135,
f4)=64+20-7=177,
f5)=125+25-7=143



Interpolation

We form the difTerence table as follows:

YA My AR AN
-1 -13

6
0 ~7

6 0
1 1

12 6 0
2 |

24 12 6
3 35

42 18 6
4 i)

66
5 143 - 24 6

We note from the table that all the thin:[ forward differences are constan

M-"-ll—' T g e o i _'___, P

Example 15: 1f y is: the value af vy at x for which the fifih differences
:ﬂﬂd}'i +_p? =784 93 +yﬁ ﬁEﬁ,:ya I*_J-yﬁ IDEE find Ve

Solution : Since fifth dlffEI‘EIIGES are cﬂnstant AS ¥ =0

=(E-1)°y =0

= (E®- 6 ES+ 6, E* - 6c; B + 60, E? - b5 E+ 65 1)y, =0

= Y76y 15y5- 20y, + 15, - 6y, +y,=0

= 0t y3) =60, +y9) + 15 (y, + ) - 20y, =0

= ~784-6 (686)+ 15 (1088) - 20 y, = 0, using given data

:}yﬂ—’is;—:r 16+ 16320~20y,=0=> 11420 - 20y, =0



n=| } rs [A]
the points [x, y]for i =

ptain the y;'s by substituting the corresponding x'sas:

0 to n. Therefore, we can
At x = X,y = by

CALX =X, = by + by(x —X)
ALX =X3.9 =by +b(x; - x5) + by (x,

“Iﬂj [Iz -.‘:1} -..{I]
Let "' be the length of interval such that

X;'s represent
IEIHIH + Fi"."nﬂ i Eh,xﬂ + 3&1

ﬂ]lﬁlmpheﬁ X = Iﬂ = JIT,IE == Iﬂ = Eh,I} — "tﬂ = jhr"":-xn - X5 = mh .{2]
From (1) and (2), we get

Yo = by

» =by +bh

¥ = by + 5 2h + by (2h)h

¥3 = by + b3k + by (3h) (2h) h + by3h) (2h) h

Y = by + by () + by(nh) (1 = 1) Fr+ e+ b, (1) [(n = DR [(n = 2) ] ...(B)
Solving the above equations for by, by, by,..... 0, , We get
by = ¥

n—by - _No
TR T



interpolation

il,'_iiﬂ] 2h
¥a— o~ k

iy = o =20
f 42770 "1 Tl bW ﬂll
: 2h? . A2
o= -o o J2TATH o Z 20
w3 ! 2h* 2
A% vg
.EJJ = _""-
20
Sumlnrly we can sec that Ay
Al Ay Sl
bj = J“, bq = Iﬁ'—d‘ 'E:H al i
1 .
ﬂ -
y=fx)= +——-Ix )+ T 2 (x = %) (x=x) +=2 3”1} ot

J'|'

(= x) (e =3) + ot =2 2D (x - 3g) (8= W)l =x )

If we use the relationship x = x5 + Fh =X—X = ph, where p =1, I,l"___n

x-x =x=(xg+h)=(x- In]'—h_ﬁﬁ—-ﬁ=fﬂ—llh

then
(x=x)=h=(p-1Dh-h=(p-2)i

X=Xy =x—(x +h)=

...........................................................

", Equation (3) becomes

,1‘=f{-r}=filu+Pﬁ}=J‘u+thPu+T— 0 T

Letp=Dip—2).. [P—{"—l}]ﬂn .
mnl .

e

: - : o
This formula is known as Newton's forward interpolation formula (or}

Gregory funwrd interpolation formula.
This is useful for interpolation near the beginning of a set of tabular values

5.9 NEWTON'S BACKWARD INTERPOLATION FORMULA
If we consider y,(x) = ay + a(x = x,) + ay(x = x,) (¥ = Xy-t)
+a3 (X = X ) (X = X ) (X = Xp0) 4 oo+ @, (x = 3,) (X = X51) dx-n) ’
and impose the condition thal y and y, (x) should agree at the tabulated points Gy
v X3, Xy, Xp » We Obtain



perpolation

NewsToN S RACKWARD T .F 553

: = + pVv P(F""” LR
YulX) =V + p J.u"“"-E-!---?E}.H+I‘I+_J"-’_{F+J}---{rp+ﬂ-—i}?,,y i
nl cHIE

X=X,
here P57

This uses tabular values 1o (e
car the end of the tabular valyeg
Formulae for Error i Polynomi

If y = f(x) is the exact curve gng

- [6)
left of Vi - Thus thig formula is useful for interpolation

al Interpolation

. _ y= is the j - -
e the error in polynomia| interpolation ig giv'z;{;j SR polynomial curve,
| |:J-' e ]- (x -
Error = f(¥) =, (x) = =T ) X =) fx -y
" I::H o+ l}! Jrﬂ* {Ig} ] r?_]

wany X, Where x < x < x, and ¢y < <
The error in Newton's forward interpolation formula
- ()= 2L =D (-2 (p-p

{m+ 1! A" 1(E) where p=
The emor in Newton's backward

Is given by

X — Xy
; ..(8)
interpolation formula is given by

fx) -, (x) = 2P+ 1}(:51 ’]r}lll 24 et st e

X—Xx

:']]ﬁ'cp-

n

h =43

| SOLVED EXAMPLES,

 Example T The following data gives the melling points of o a1y oFIaT S S
Percentage of lead in the alloy (p) : 50 60 70 &0
| _Temperature (goc ) : 205 | 225 | 248 | 274

Find the melting point of the alloy containing 54% of lead, using appropriate interpola-

——m

Solution : The difference table is as under :

| X ¥y A At 8
.50 205 e, )
A ;ﬂ i T
60 225 3
23 0
70 248 3
vl
p&8 274

Let temperature = fx)
We have x, = 50, iy = 10 and

Y= x4 ph= 54 = 50+ p(10) = 54 or p =04




Intarpolation

By Newton's Forward interpolation formula,

-1
pip }ﬂz,l'u LEe-1)(p - :J,
E[ ‘;r ..-l"lvl'll

0.4 (0.4 =1) 0.4 (04 - 1) (04 -
. f(54) = 205 + 0.4 (20) + ——?!"—ﬁ} + ;{ 1—1-—-14'.}

-ﬂ"'ﬂ + !I"Iﬂ' =W+p f:'l}"n I

=205+8-036=212.64.
Hence melting pm'nl=1|2 64

. Example 2 : State appmpn ate. mta:rpn!atmn formula which i i 10 be Used
'the value of exp(1.75) from the following dala and henee evaluate jt from the i, m{'ﬂ’q

x I 7 0 T .
y=¢" | 5474| 6.050| 6.686 | 7.389 WNTU(A) June 213,
Solution : The difference table is as under : '
x y A Al N
1.7 5474
0.576
1.8 6050 0.060
0,636 0.007
19 6.686 0.067
0.703
2.0 7.389

Let fix) =y = ¢ Then we have x; =1.7, h=0.1 and x, + ph = 1.75
= 1.7+ p(01)=175 or p=0.5
By Newton's Forward interpolation formula,

F {I;I_ 4 ﬂl}’n + £ Vo 11 { Ay +

flag +ph)y=yg + pAyy +
1] 1] E‘

(0.060)

| S(.75) = 5474 + 0.5 % (0.576) + 22 (02-5 - 1)

B 0.5 (0.5-1) (0.5 —_'-’_][{ﬂ_.[u]."-l
; _ 57403
= 5.474 + 0.288 - 0.0075 + 0.0004375 = 5.7624375 - 0.0073 =~

= 5.7549 (Rounded up to four decimal places).

Pesa——— = e
© Example 33 Applying Newton's forward interpolation formola, comp

V535, given that V5 = zzaﬁsf" 1449{ ?zﬁdﬁandvrslﬂgw

three places of decimal, R

Solution : Let ﬂx}= -.;";: :

SR Y M KT R R L = .'_,', .....‘-ﬂ-d-""



e ———————

IHIE,I'PI}HHGH

The difference table is e
| x » A _r:i_"
5 2236 ]
0.213 '
f 2.449 ._{]ﬂlt"
0.197
7 2646 ~0.015 e
0.182
g 2.828
We have
_'[":-i+F|ﬁ:5.5, J:.D =j, .FI =]
= 3+p(l)=55 or p=05
By Newton's Forward interpolation formula,
(xo + ph rphy+ 2P0 2 plp-1)(p-2)
f 1l F" } Pﬂ P .]"Iﬂ+ 2' |]. '_—l_j_ﬂj'yﬂ-'-"“
o f(5.5)=2236+05%(0213) + E{—Eﬂ{—ﬂ.mﬁ} 5 D {ha _I]_J 0-3-2) 4.001)
3

5.5 =2.236 + 0.1065 + 0.00200 + 0.0000625
= 2.3445625 = 2345 (Rounded upto four decimal pIaces}

I T T i ! i b _—
I 3 L 17 S —re———
. T

fi [_lzmmp]eﬂ "If p,:, =15 =0, ;.11 35 JHy = 22 p.f; 5? fmd :'—lﬂ.j T RS

i
e el e e Sl g R L R SRS e R T

Solution The dlfferen-:e table is

¥ P‘x A ﬁi j:'n.] ﬂ-fl
0 1
2|
| 0 6
5 6
2 5 12 0
17 6
3 22 18
35
| 4 57

"|j'|'|3_ hﬂ\.l'ﬂ xp + F}; = 1:|5! Xg = ﬂ, i =1

= 0+ p(1)=05 or p=05

8y Newton's Forward interpolation formula,



Intarpalation
0.5 (0.5 =1} Aoy 0.5(05-1 05_5 ;
s = g + 0.5 App * 2 Ho "_F_‘__E“'---.! !;:H k
0.5 (-0.5) . . 0.5 (-0.5) (-1.5)
= | + (0.5) (1) + 5 6+ 5 6

105 -0.75+0375 = 0.125.

L/:nmpln 5 : Using Newlon's forward 'l'l'ltﬂ'pulﬂ.tlﬂﬂ fnnnuh. and m% R
~J/ [ a3 [1s]u7 |19

‘values f(x)| 0.21 0.69 1.25] 1.89 ] 2.61

Obtain the vatue of £(x) whenx= T4 INTU{A) Jume 2075, v
Solution : The difference table 1s
xooy=jx) A A? A AS
1.1 0.21
(.48
13 0.69 0.08
0.56 0
1.5 1.25 0.08 0
0.64 0
1.7 1.89 0.08
0.72
1.9 2.61

If we take Xy = 1.3, then Yo = 0.69 . ﬂ_‘.:n = (.36, j':-Ti" =ik =
B=lr=13

We have x,+ph=14 = 13+ p0)=ld=p=
Using Newton's interpolation formula,

[ =

34
—| = =1
1.4) = 0.69 + =% 0.56 4+ =~2__J
f(1.4) = +2xﬂ= 6+ 5 » 008

—

= 0.69 + 0.28 - 0.01 = 0.96

Note: x; =1.3 istakensothat <.

Lrgh
© Example §: Find the Nlmﬂnn sma}ﬁmmwﬁ
E: .?E 20 ?3"'

d "y

I

- 'J‘..--

AL -

B mtgam iy gl B e e TN T ._.-i._- _..._._-__ - - el il e




1

| pt
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copution : The difference table jg

T ) & B o
Tk s
2
i 3 2

4 0
3 1 2

6
3 13

By Newton's Forward Interpolation formula,

Mg +ph) =25+ pAy+ ﬁ%:_uﬂ'!}'ﬂ. LELP- E{P -2) A

Heex,=0,n=1 and p=y

Thus we have _f{_x}:]+_r{1}+£u{2]+x (x—1)(x-2)
2 3
Sl+2x407 _p= 2 +x+1.

Fxample7: The following table gives mmspundmg values of x and y. Construct the
difference table and then express ¥ as a function of x -

r0p 1] 2131 4
1:36:11]3'-’?

:-ntumm The dlfﬁ:ren-:e tab]ﬁ |s. -

(0) +

F Ay ﬂ.l_lr Al y Al ¥
0 3
3
I f 2
5 0
2 ¥ 2 0
7 i
3 18 2
9
2 0
We have

Wrph=x x, =0, h=]
Bl P =x or p=x
% Newton's forward interpolation formula,

; plp= 2  Plp=-D(p-2 4
III“TP-"!:I:J-.,; + p Ay +-2—!f—" Yo 4 3 Ay + ..

=340 ()42 {JIE_I“ D aya 2022 E” 2 )

i
T+x =x+00r fx)=x"+2rv+3.



Interpolation

e T ——
1y ¥

e p—

g T

N

differenc

I, Exmnpiu 8 : Ennsudar the Fﬂllnwmg data for g(x} = me ]
! X
| x o1 | o02] 03| 04] 05 |
i g(x)| 9.9833 | 4.9696| 3.2836 | 2.4339] 1.9177 N,
. Calculate g(0.25) accurately using Newton's forward n-ﬁlhﬂd-“fiﬂtﬁmmm-
Solution : Newton's Forward interpolation formula is e,
flx)= fli-l'n-Fﬁlrﬂ"_i’n*Fﬂ}’n*p{pl ﬂ‘-}’u"'ﬂie—h-—]!-':___}_} ]
2] E Yhs,
Let x = x; + ph. Herex = 0.25, x; = 0.1
Step interval A = 0.2 = 0.1 = 0.1
o p= =&y 0.25-0.1 '[]' 15 — 15
h 0.1 0.1
The Newton's forward difference table is -
& y Ay A%y Ay  aly
0.1 9.9833
—-5.0137
0.2 4.9696 33277
— 1.6860 —24914
0.3 3.2836 0.8363 1.9886
—0.8497 —0.5028
0.4 2.4339 0.3335
-0.5162
0.5 1.9177
8(0.25) = 9.9833 + 1.5(-5.0137) 4 12205 3 3599, LIX0OSx(0H) g
2

Ix2
. 1.5%0.5x% (—0.5) = (=1.9)

4x3x2

=9.9833 - 7.52 + 1.24789 + 0.1557 + 0.0466 = 31.9135
£(0.25) = 3.0135

ﬁ}:ﬁ'ample !L;F

= | 9886

e T R R R R e R 1*-::'“3“?\5-*“1“&;;{3?@“19 F«:
e table -i e [_HTU 1!]{14 [A_} Jum; mm‘]}m 2010 (St}
; X ﬂ' 1| 2] 3] 4
Solution : G
ution ven Jix) 1] 14] 15 sl 6

The difference table is



|
L — 550
| X y Al
r 2 ) Al
| 13
! 1 14
! | -12
2 15 !
10 kL A
B 22
5
- -11
1
4 6
Let 5p=0.x=3,h=1.Then p= ";In = JID =3
From the above table, we have
<= 2
Mg =13, A%y = -12, ":'ljj’.;].:l,ﬂ"}ru:ﬂ:—'ﬂ}'l =1,
2 3
'ﬂ'.}"=_111 ﬂ'}‘QZZE,ﬂ_}Fzza—]ﬂ, ﬂl,,z}al:'[l
&
L By Newton's forward interpolation formula,
- —{p-2
fx) = flxg + ph) = ¥ +p&_ﬁ,+F(§ }ﬁzf pLp 3}’|:P ) o %
+13(3) + E-—“f—l{-l?} 3 f] U
- = 5 e -----'-'-‘-n-‘ - —
Eilmplm' ‘i?:nd 'I_'hﬂ. l;uhm pulynnmml Whll:h Iﬂ]‘:ﬁ '|llE ['ulluhmg 'l"'ﬂj'lll."-‘!
;I-"{U} ]J“}; j},(g}élnnd}r{?.]=1ﬂ Hnncn nrnthum*mﬁ ﬂtﬂmﬂﬁ}._

Enﬂll:rﬂ-un Wv: fo nn.ih-:;. d;-ff grence lublr: as :

Fn”"“ia. we pet

x y A& A &
0 |
-1
] 0 2
1 fy
2 | B
9
L5 10
Here h = 1, Hence, take X = Yo

SLE|1"Elil|.tling, the values of ﬁ,ru.ﬁ‘.m-ﬁ' Yo

+ phoond xy = 0. We obtain p = x.

booand poin Newton's lorwand interpolation



Interpolation

Itl*“l!‘l# x(x=-DNix-2)
) (6)
winch 1 the polynomal form which we obtained the above tabular values. To compes
we observe that p = 4, Hence formula gives 1{d)=1+ 4 (=1) « (12} = 24 = 17 8
the same value as that obtained by substituting x = 4 10 the cubic polynommal abov:

Mal=la4 x(-1)+ [ﬁj'—":]-:.l:'l

Note. This process of finding the value of y for some value of ¢ outuide the gven
calied extrapolation and this example demonstrates the fact that of a mbulaied i
polvoomial, then nterpolation and extrapolation would give exact valuss.




ﬁ (8] FAL
\/ Example 15 : Find f{2.5) using Newtons forward formula from the follgwig, .-

<] a1l 2] af &i=sfre
y] ol 1] 16| 81] 256 625] 1296 [INTU May 2606 (5.0




erpolation
563
o : We = -
solution havex =25 § o lp= 2= _25-0

AYo =N =-)p=1-0=}

B¥ =¥ =) =16-125

Ay =¥y =)y =8l-l6=p5

AYy =a =)y =256 -8 = |75
Avg=rs =y = IIQﬁ-—ﬁES:ﬁ?I
%o =81 ~Ayg =15-1= 14

i‘.zj'. =Ar; - Ay =65-15=5p
EJ}:.ﬁyJ-aj-z=|?5—ﬁ5=|m
A%y = By - Ayy = 674 175 = 499
Ayo =A%y — A2y = 50-14=3¢
Ay =4ty - A% =110- 50 = 60
Alyy =Alyy A2y = 499110 =389
A'yg =87y ~ Ay =60-36=24
A%y = 8%y, -8y, =389 -60=329

Nyo =A%y — A%y, =329_24 =305 T
Using Newton Forward Difference Formula, we have

plp=1) .2 plp-1p-2)
LA
2 Yo+ E
plp-p-20p-3) 4. plp=p-2)p-3Kp-4) s

+ a Ay + 5 Ay
(2.3)1.3) (2.5)(1.5).5) ... . (23HL.5X.5K=.5)
L P P M SO

3 (14) + B (36) 4

(2.5)(1.50.5H=.5)~1.5)

5

) =25+2625+11.25-0.9375 +3.539[}=_¢I2,E_-I.Il:'~.
Examplé 16 : Find y(1.6) using Newlon's Forward difference formula from the table
E0 [ 14 [ 18 [22 NI IRCE
. |349 [482 [596 | 65| [INTU May 2006, (K) Dec. 2016 (Set No. 4)}

ﬂ-‘-’u + ph) = Yo+ plyg+ ﬁs."n

o f(2.5) =0+2.50) +

(24)

(305)

-
3

| =
Tt | e

Solution ¢ et xg=1 h=14=1=4, Ng+ph=10 = lrdp=lbh = p=



Interpetation
We have Ay =)= = 4,82-3.49=1.133

Ay = 1y =y =396 4.82=1.14

Ay =y =)y =03 ~ 5.96 =.54

Ay = Ay = Ay =1.14-133=-0.19

Aty = Apg = Ay =54 = 1.14=~- .60

Ay = Ay — A%y =—-0.60+0.19=-041.
Using Newton's forward difference formula, we have
pip=1Xp=2) 3

~1)
Sxg + phy=1y +Fm’ﬂ+m—pg“ﬁ1m i E &

[E._'J{-u.w} [%]EJ[%‘]L’"U—M:
i.e. fti.EJ=3.49+§{|-33:'+ = 2 G 13

=349+ 1.995 —0.07125 + 0.025625

= 543094,
' Example 17 : Construct difference table for the following data.
i 0.1 0.3 0.5 0.7 0.9 1.1 1.3
Sx) |0.003 | 0067 |0.148 | 0.248 | 0370 | 0518 |0697
sebvaluate if0:6); 12 2o it i el TS A _ [INTU May 2007 (Set N
Solution : The difference table is

x Y5 A¥g ALy, A’ Yy

0.1 0.003
0.064

0.3 0.067 0.017
0.081 0.002

(0.5 0.148 2 (0.019
0.1 0.003

0.7 0.248 0.022
0.122 0.004

0.9 0.370 0.026
0.148 0.005

.1 (L.518 0.031
0.179

1.3 0.697

i
Here x = 06,3, = 0.1, = 0.2, yq = 0.003, Ay, = 0.064, a2y = 0,017,870 =00




565
We have x, +ph=x |
= 0.1+p(0.2) = 06 p0.2y=05
ER
= F—{LI Sp=25
By Newton's forward difference formula,
W) =fieg + PHY = yo+ 4y, + 2221 Piﬂ plp-1)p-2)
o T P(A ) {ﬂ 2+ ey (A3 +..
i, 10.6) =0.003 +(2.5) (0.064) + E“—”_“l (i017) 4 L2A22IN2INO.00)
[§]
=0.003 +0.16 + 0.031875 +{H}[}[}625 0.1955

-, fl0.6) =0.1955.
Example 18 : (i) Find y(55) given that (50} - 205, y(60) = 225, y(70) = 248 and
1(30)=274, using Newton’s forward difference formula. S0
[INTU (H) Jun. 2012, (K) Dec. IHIS{SEI"'EE.E}I

(if) Find p(66) given that y(50) =201, (60} = 225, 3(70) = 248 and ¥(80)=274 usmg
Newton's backward difference formula.t de pon Gl [INTU (K) Dec. 2015 (Set No. 1]]
Solution : () We are given -

x 50 |60 |70 |80
yix) [ 205 | 225 | 248 | 274

33=30
10

=0.5

Here, h=10,x5 = 50,2y + ph=55=s p=
The difference table is

x [px)|A Al [ 4°
50 | 205

20
60 | 225 3

23 0
70 | 248 3

26
80 | 274

Using Newton's forward difference formula,

P{F-l L a2y + ﬁ-""—’:‘lll—‘"—}ﬁ“m

Mxg + ph) = yp + pAyg + 5,
(054=0.5) 5,

5 ¥(55) =205 +(0.5)(200+—5
—2054+10-0375 =215-0.375 =214.625

ise to the reader.

) This is left as an exercl



5.10 CENTRAL DIFFERENCE INTE RPOLATION
As mentioned earlier, Newton's forward interpolation formula is ysefy ol

of y = f(x) at a point which is near the beginning value of x and the Newtoys b
interpolation formula is useful to find the value of " y' at a point which is neay i, "

value of x. We now derive the interpolation formulas that can be employed o fiygy,

of x which is around the middle to the specified values.



mIE"F'“m'“”

560
For this purpose, we take X

) 0 4% One ﬂr T-hE
niddle of the difference table an

Specified vitlues of x that lics around the

by ¢+ THER W €an write the difference tapye ;, 1::.: Tw::.::;::f Eﬁiﬁ'? e
x ¥ ﬂy_:j Xy KR
%2 ¥
Ay,
(=8y_3,)
X ¥ Al Ve
(=8%y_)
Ay_, Al ¥os
(=8y_y3) (= 'E'Jf-l.rz:l
Xy Yo Al V., Al Yos
(=8y) (=5"yy)
Ayg Al Yo
(=8y11,) (=8"32)
| 4 Ay,
(=8"y)
Awy
(= 8yyr2)
L% 2

From the table, we note the following :

3 3 4
2y = A Ay, Alyy =%, + A%y,
Ayg = Ay + A%y, Alyy =A%y + A7y . Ay

(1)
ﬂ4}rﬂ =] lﬂlq‘}-’_| +1'i'|.jj.-'_] (
and so on. 3 1 | i
R . AT =,ﬁ_:|,r_2.|_ Voa,
Also, Ay = Ay, + ﬂ.!_].i_z, .-11,1!,1 =AYy, +A Y5 Yo

4 4 5 o f and so on, -.-{2)
T 3 = A"y A Y32
ﬂyl_ﬂy2+ﬂs}r2,ﬂ. V-1 ¥y-2

btain two versions of the following
i : d (2), we now o
By using the expressions (1) an

Newton's Forward interpolation formula :



sxample 12 Evaluate f _ - i
l}u;mngeinlcrpnluﬁm. { B, 192, 336 nt y = I, 7, 15 respectively.
e solution : We are Biven LINTU 2002, (A) May 2012 (Set No.2)|

10) given f(xy= 16

Y=y =l =15 =1p anl

vo = 1680y =192y, = 336, _ 4
The Lagrange's formuly ig

=) v - xy)

X =-x —
v :I_!H + “ '1'[!) {."1 12}

N e {.r—,r‘,}f.r-,r[} J
R T A Tat Y M F T — Xy = Xy) (%, - 4
(On substitution, we have LS =) (2 = %) (x - x)

10 -7y (10 =15 - e i =
v = £(10) = & ) ( ) w168 10=D (10 13) 1ga 00-DUO-7)
; (1=7)(1-15) (7-1)(7 ~15) (15-1)(15-7)

=;1—51:-:|6$+—_EHI92+-1—?-}¢336
oq —48 112

==0.1786 % 168 + 0.9375 % 192 + 0.24 = 336
= —30.005 + 180 + 81.01 = 231.005 aApprox.
Example 2 : Using Lagrange formula, calculate £(3) from the following table.
x |0|1]214]|5]|6

JNTU Mav 03]
1 ha his 1sle [io 1

Solution: Given xg =0,x = l,0y =2,x3 =4,x5 =5,x5 = 6

and f{IﬂJ o Lf[.l‘]) = ]4,f{l’2] = iﬁ,f[.tl.']} = 5:_{{141 . ﬁif{_-[-f.} =19
's1 ion formula,
From Lagraﬂg? ; Tiﬁlﬂﬂo; ;‘ e N
bl (xg — x7) (xp = x3) (xp — x3) (g = xy) (xp — x5
(x —xp) (x —x7) (x= xy) (¥ =x4) (¥ —x5)
(xy — xp) (3 —x3) (3 = *a) (x; —x3) {5 = x5)
(x — xg) (x = %) (x—X5) {x —Xx5) (X —Xg)

; = Ay — A }
- (x5 —xp) (X3 = Xy) (X2 = Xy) ‘:':. L1
{I:EI —xﬁjj {j - X| I} (x = xa) (v =xy) (¥ —X5)

{,ra — Iﬂ} {J.-] — If} {1-['] = -r:l:l {-1'-_'!. s 'hl] l"'l. o "'._"'..}

:If{_'l'ﬂ} o+

.r["'"l 1+

Sl +

fxy)+
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i,
(x = xp) (x=x) (x=x) (x = %) X — X5)

{_ —..1']{-'"-‘ —;q'j}li.:!'d—‘lef-r#_'I'-_"I.}{-"r-l‘l--.-"rj:l
Td,:x _[_Jr“] [‘_’1- - x) (x =) (x—Xx) (x—Xx)
{_1"5 - 'Tl-l} {IS - .'l.'|::| {':"I.’r i .'f!} {"rf:- = 'I:]:] ':'rﬁ = 'Id}

HEFE ,'[':3.
(B3-N3-203-9G-50C-6 .

« I ]'_m—t}m—z}m—d}{ﬂ-i}tﬂ—ﬁ}
(3-00(3-23-49B-503-6
(-0 -2(0=-4(1-35)(1-6)
B-003-DE-49(3-353-6) .
(2-0)(2-1)(2—4) (2-5) (2= 6!
B-0B-NB-(-96-6 .,
(4-0)(4—1)(4-2)(4-5){4-6)
B-003-13-23-493-6) .,
(5-01(5-1)(5-2)(5-4) (5-6)
-BE-NE-2@-493_35
(6-0)(6-1)(6-2) (6 -4) (6 -5)

L | |4+3_‘5|K|5+Eﬁ5-1.ﬁdxﬁ+—lz—xl9

240 60 ag "~ T g 60
=E]'.II}E—4-2+H.25+3.T5-I.E+ﬂ,95=ID
Hence f(3) = 10.

Example 3 : Using Lagrange's intr:rplﬂlatiun formula, find the value of 1{10) t‘mmlj
following table:

x 31 6 9111
v | 1211314 |16 HNTUAug. 20088, (K) Feb, 2015, May 2016(5¢1 Vel

f(x) 4

.-'".'[1'5}

4 4

+

19

(or) Find »(10), Given that y(5) = 12, y(6) = 13, 1(9) = 14, w(11) = 16 using Lagnss
formula. [INTU(H) June 2010 (Set ¥
Solution : Lagrange's interpolation formulg iI5 given by
fix) = (¥ = x3) (X = x3) (x - x,) Fieya -} =-x)(r—da) )
(5 = x) (5 = x) () = x,)
L =X x =) (x — %5}
(X3 —x) (X = xy) (¥ —xy)
Given x; = 5,x; = b,xy = 95 =11

['IE - .'l.'t:] LTE -— .\'3_:] l:_.'l.'z —.T.I::I

_ (x—x) {x =) (x—:m) it
.."r":-l.'!.J + I:.Iq = _1‘]} {-1.4 = .1.'2] ™ —.'l'_a]'

Here x=10, f(x) = 12, f(xy) = 13, fx3) = 14, Sxg) =16

: _0-6) (10-9)(10~17 4 _oy(10-10
. f10) = (10 = 5) (10-9) (1011 43
G-06-96-1) "G E-96-1




Irlt"?'F"':'m“m.'I

+AUB=5y 0.

6 595
10 -
-5 5= 0~y

091 "lhﬂﬂ:.-f'liﬁ}-ﬁmﬂ—sr}

|
4% ] % - {Il—j}{”__m“l__g}z 6
I ¥ReSEla 134 x4 x—) Sxdx)
B~ W
=2—~1—3—+§_5_' 16 5 B bxS5%?
373 =145 = 146666
Aliter : Refer Solyeq Example |5 3
Example 4 : Givep ;=580 , Z3ges
Yot

Solution :_Given data cap, be tahy)

dled ag follows.
| =X 0 | “..
ulx) | 380 | s55g ‘ 520 .

Htl'll'-.‘h'nzﬂ,.'l.'r= ]!'r1=21xq=3

and
flx) = f1(0) = Hy = 580; Fx)= Ji) = uy = 556
flxy) = f(2) = Uy =520, fix,)

By Lagrange's formula,
B {I—Iﬂ{a‘fh-‘f}l(x—ﬁf} (x-x) (x - =
f3) = 2) (x - x, %) (- x3) (x - x,)
(0 —x;) (xg = x3) (xg “Iq}f{xﬂ}+ (0 —x4) (x4 = xy) (% — x4) &
+ {I-—.t]:,]l{.t—.:q}[.t—l‘ﬂ flx)+ E-r‘xnj[-’-'_ﬂ]fx"lz}
(x3 - x5) (x; —x) (x, - X,)

(X4 —x) (x4 = xp) (g —sz}ﬂxﬂ
f{a} L (3 - I) {3—2} (3 - 4) I:SEG}_'_I:?-—D}I (3-2) (3-4)

=f(4)= g =385

(556)
O=-D0-2)0-4 (-0 (1-2)(1-4

C-006-D3E-4 5201+ B0 B-1(3-2) (385)
+{E—{}}{E~IJ{E—4]{ “{4—9}(4-1}(4;23
231 % —1

3xIx =l oorr  3x2x- 3x2
Lo 55'5]+——-—=|[51ﬂj+
_._Ix—lx—qﬁﬂm-'_ix—ix—ﬁi 2xlx-=2 dx3

=145 - 556 + 780 + 96.25 = 465.25 .

";{335:

®

Example 5 : The values of a function S (x) are given below for certain values of x
¥ l0j113)4
fx) |5 |6 |s0 |05 .

Find the values of f(2) using Lagrange's interpolation formula.
Solution ; By Lagrange's interpolation formula, (x=x)lx=5)iv=u5)
2 e ) b
flx) = o 1) a1 I‘%ﬂ.ﬁ} " (2 = 47) (62 = 23] {0y =)
(x - Xy} () — X3 ) {0~ Mt ) (X =X) (x - x)
SH) e BRI ]
x—x) (x=x) (X=X ppyy R R
{x[ x}) (xy — Xp) (X3 = ¥a) (g =4 (8 = 32} (5 = 33)
G

.F‘.{ ,T: -}

-

fix,)
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oy 2-02-32-4) ., (2-0)(2-3)(2-4)

E (6)
(0= 1) (0 =3 (0 -4) (1 =0) (1 =13)(-4)
~-1)i{2-3
1:-111:.*-1}{2--4}”{]]1{2 () (2 H'1 1}“%
(-0 =1 =) (4 -0 (4-1)(4-3)
Ix-1x-2 _EH—]R—EI:. |2“”_1(5|‘|}+3”‘““J
='_|,‘__h___,jt5}+ ,!_z,c_j'[‘} PR 25357 (10
= 100 35 _ -54244200-105 _ 114
STy 9 T 5 T =1

Example 6 : Given the values @

X 0] d]-3 6
Fix) |4 2|14 |158

Using Lagrange's formula for imterpolation find the value of f[4).
Solution : Using Lagrange’s interpolation formula,

(¥ — %) (xr—x3) (v —2ay) (x=x)(x—x3) (x=1x,)

f(x) = L)+ firs
¥ (=%) (4 =x) (0 =x) 7 (X =x) (% —xy) (5 ~x,)”
N {x—ﬁ]l{.\'—.f;} (% —x4) Fr)+ {.T—.fl}{r—jgi[l-_r_:] e
(%3 —x) (g =x5) (5 —xy) (X —x) (x5 —xa) (xy -
Here xr = 4, x =0xy =2, 53=3,3,=6
and Sx) = =4, f(x;) = 2, flxy) = 14, f(x4) = 158
_(@-)@-3)(@4-6) . (4-0)(4-3)(4-6)
. J4)= —4 2
0-20-30-9 2 ecoe-30e-6"
Mo0@-2@-6) . G-0@-D@-I o
B-0(3-2)(3-6) (6-0)(6—-2)(6-3)
21 Ex]xt—lj 4 x| x(=2) dx2x=2 - 4x2xl 34
_Ex—3x—6{_4j+21—lx—4[1}+ Jxlx-3 [H}Tﬁh-hﬂu_.
:j_2+334_|.|53=—4-EH+EZJ+ISS=4G
9 9 0 0 )

Example 7: State Lagrange's formula of interpolation, using unequal intena’s
an experiment, we gel the following values ol a fiumetion fx):

x 1124

Six) |3]-5] 4

R";-'PTEEEIH [hf runﬂliﬂﬂf{.\_'] "i]'F“-:"Nl'l'l'l-ﬁhzl_!,f h_‘!’ n pnl}'nﬂﬂ]iul i.'lrdﬂgm 2
Solution : H}I I.-EI:HTEIIIHI._“:-E ““url'“ll.i.ltlllﬂ rl”‘"“ll"

S = o) - )

— ¥ =Xni(x-x5
X )+ ! :
{-TI = -'-‘_!] [-H _-W]I { ” {.'i'}_ - .'l.'|] [.\'1 = -'-'_:}
) (v =x) (x - Xa)

(3 =x) (v - Xs)

Sixy)

S Ay )

-



emﬂl-f"m“

Here Xy = i..‘l.':

L fx)=3%

o]
e

Example 8 : Find the interpolation polynomial for the following :

=2,y

=t S0) =3,/0q) = =5, /(x) = 4
(x=2) (x +4) .l

(1-2) (1+4)

—_“[.1 + 2x - 8) - —=(x + 3 =4) 4 — _3.'-‘:4'2]
5 ) E{ ) SU(I

oo

2. = Sasiple=4)
10

— m— e —

. [“_3_ 5,4
5 6 30
—13 - 41
- X +
- SO = T 10
4 0ll11.2 5
flx) | 213 [12 [147

Solution : By Lagrange's interpolation formula,
x=D(x=2)x-3),

hI}{x+4}+4x
2-D(2+4)

10
O o T

3

L G=0) =D E=5)

(x=1(x-=2)
(—4-1)(—4-2)

f(x) =

) (0-2) (0-5)
LG=0@E=DE=3) gy,

ﬂ -0) (-

2) (1-=5)
(x-0)(x-D(x-2) (147)

:.-—{_1'

= 4x’ -x+2

_|-_— ( —68x + |5ﬂf—‘2ﬂﬂlvggf]+2
20

49 {:-: . T

(0 -
(2 0) (2 -
—1
5
EU
20

_ﬁ(_4_;.: +15x° — 40x° + 49x° }+—{311

) (2-3)

(5-00G5-D(5-2)
_ 8y’ +l?x-—1ﬂ]+§[x3—'a'x +1ﬂx}—2{x — 6x% +5%)

- - -

2 S e e

597

2 4 240x% —147x7)
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EfFEE

Tilveen

P L LLLLL

Ltaring L EIORRE e Ty,

-1|]H v Mg
lﬂ. y T SR P
v 1'“‘” Ta My, ¥5] lI-!‘l'-: L X, :i'r ‘:"Eﬁ:
1 Rl 1

...... . iy 4 (# _'!'-g._-_.f.l' ri_!'r_r;r .
i, Inl*h-rtlr, el ’

Tkt tn—"=1‘111‘ 1!1'-'ﬂ snel
=Ly =305 =134, = 124

‘5-1‘“5"3:”5 H, “ﬁ‘_“-ﬁ-]lj"ﬁl

W)= e ke —
(0 -1K0 - 3)(0 - Ky L]} R 1

(2= X M2~ 2y ) - 1)

I -tolr-pNr-2.)

i 4

‘IE'I‘II][-‘I‘J'pHI;-I_‘}' T Y [ -_;_l &
() 2)~3) (SH-2)- -
T | i——!_.__H._J_]_‘! ;li_i_ﬂjl_‘huh (nd ._'_]. {139
(DE-3)-8) -2-7) 7 G- (L R B H

45 128
w14 -,?-1 Eﬁi-T=I+ﬁ.41H5- 206+ |K2RST - 5| 7147

M5)=51.7142

Sulation Huu: we will view 4 s o functn of §

thdiumum
191517 ) |'|

Hy Luwungr:‘; formule,
s5 fiyhe T IpHI - R 2R 4,
lJ.—,l S0y - ey - radlny o wsd

(- My - dpdhx - Nalh - ¥y)

1.—---—

Ly =y Mg~ Fadag - ARy T |

PO ¥ )1 1§t L4 . L ;i fin)

Ly = 3y A0 = s - Ma by = b

AL



Engineating Ma.,

-“14-4.

i
DR Pt .. 1.0, LA B P T I

(g~ 1y vg  vadlve ¥i)iva Ve

(v=)y- )y vyl rq)

(v - 1) (1~ 19 ) (v~ 13) (vg = Va)

i
|
|

Taking v =100 and substituting the values, we gel

, - {10024 (100~ -:ﬁmnn-m::t}__[_!_ﬂ—_l?dlm
(- 24)(6—SR) (6 108) (6 -174)

H{H]—h}{lﬂﬂ *-:'i]ntlﬂﬂ—]ﬂﬂ]ill:-lhl?d}‘
{24 -6)(24 - 58)(24 - 108) (24 -174)

nnn munn“'raumn-mﬂ}{mn—l?dl
(SR-6)(58—24)(58-108) (58-174)

, (100-6) (100-24) (100-58) (100-174) o
(108 —6)(108 — 24) (108 — 58) (108 —174)

; (100-6) (100 -24) [JDD-SE}{IHH-IUE]“ )
(174 -6)(174-24) (174 -58) (174 -108)

___(76)(42) (-8)(-74) _ 3. (94) (42) (-8) (=74) (5)+ Wﬂ}[?ﬁliﬁrrd
(—18) (~52)(~102) (~168)  (18)(-34) (-84) (=150)  (52) (34) (=30)(-118]

e TV —
L (94)(76) (42) ( 74) (9)+ (94) (76) (42) (-8) an
(102) (84) (50) (-066) (168) (150) (116) (66)

1889664 ., 2337216 . 4229248 . 22203552 . 2400384
muagzuﬁ T3701200 7 10254400 28204400 192931200

=0.3534-1.5154 + 2.8870+ 7.0675 - (1. 1168
=10.3079-1.6522
= K.0557




polaties 619

b
WTON'S DIVIDED DIFFERENG
gif r':ﬁ'ﬁﬁvm"s' EINTERPOLATION FORMULA FOR UNEQUAL
ot Vs s 1V DE The values ar
Let Yo 2 i s oy cormesponding 1o v v v v (lety = flx))
H\--_[u:ﬂ"i"'“““"J"'ldt‘ddit'li:m".:us_ wuh“.:,_. ding 1o x,, 0, xq, 20, 0F 8 (lety =
J1%) = M)

A= _]"ﬁ

I.ﬂ".'ll. ."llﬂ} -

e _ﬁ.\‘] - f[.\‘n ] + '_.\' “— J,‘ﬂ_ 1.1"“.-"'-.-"“] ( f ]
J¥.x5)— f(g.x;)

No= Ay

simitarly flx. ¥g.x,) =
= finvg) = Mg v) + (v - ) Ax X, ¥
substituting the values of fix, x ) in (1) we get

ﬁ__ﬂ = flxg) + (v —xy) ﬂ.l'u. X+ (x—~ Xg) (x — Xy ) e, X X)) .. (2)
_ S xn) -1 {.Tu,.‘l.",.l'g_::l

A= Xy

Again flx. Xy, ¥ 5)

= flx, xg X)) = Axg X, x,) + (- X3) fxy X X0 X5)
Substituting the value of f{x , x,, x,) in (2), we get
fix) =Axg) + (x = xg) fxg, ¥)) + (x = x5) (x ~ x,) Jrg x5 X3)
+ (x —xg) (x—=x,) (x — x;) flx, Kon-Kge X3) (3
Proceeding in this way, we get
fx) = flzg) + (x — x5) flxg, x,)
+ (x —xp) (x —x)) Axp. X, 13)
+ (x = x,) (x = x,} (x = 0,) g, x5 X 13)
+(x—x) (r—x) (x =X)L (= Vo s X X s X))
+(x —x) (x —x)) o (X=X )X, X Xy s ) -« (4)
By the property of divided differences, il flx)is a polynominl of degree n, then (n -+ 1)
vided differences is zero i.e., flx, x5 X, .., X,) = (.
Therefore, equation (4) becomes
fx) = fixg) + (= xp) flxg, X;) + G —xp) (v - X)) Xy, ¥y, xs)
+ (x = x) (x —x,) {x = x,) Sl Xyy Xg, X3+ i

. (5)

# 0= xg) 0= 3y) o (8 =X, ) Mgy Xy )



. |

I .’nmrmmfnu Man,
h'ﬂ'

i
dile i E
Fquation (5) is called Newton's divided difference formula fiyr ey

(OR) Newton's general Interpolation formla with alvided llll'lrr[nm-“
. - ton's Forward Interpg
Equnation ($) can be reduced (o Newtor Polating for,

Iny,,

[
1[1

cqual intervals,
_r_"!u'rl-"n}

L e —

We know S, -"|:I . 1

A F(xg)
!

e
=l
=
=
-]
Lo
[
=
o~
e
]

..................

A" f(xp)
R x,. Kypon X} = W
If ¥ — x; = ph then x - Y =lr-x)-(x, =x))=ph-h= (P~ 1)k

Similarly, v —x, = (p -2 elc... .
Substituting the above values in equation (5), we get

A= Lo+ ph) = Ssg)4 ph ) PP D2
) <
= 1G0)+ paf (rg) + L= p2 .

Equation (6) is called Newton's forward interpolation formula for equal intervals
B SOLVED EXAMPLES

Example 1 : Find third divided differences of S(x) with mgitm:nts. 2, 4.9 10wk
F(x) ="~ 2, |

Solution :
& Sx) | order Il order Il order |
divided difYepenee divided difference divided differenc:
2 4
4-2
4 56 131l =-25 =18
)~ 7
711-5 -
L et I B-
0-4 10-2
9 | 71 269-131 _ >
980 - 711 S0 -4
10-9 '
1 080 |




7/ A

518 E”HFMuﬂnﬂMa
Mg,
xr  Ax) | order I order 1 arder % J“'
_ divideddiflorence__ divided diffoence_ divided difference g, 7
d_n
4 48 N
100-48 _, !
5_4 '
-52
5 100 g: B |
294 — 100 21-15
e L Y =]
Tk 10—4
202—97 !
7 294 =21
—_ 10-5 5. 5 i
200294 — 202 _"_] =] !
10=7 310-202 =3
10 900 —— =27
1210-9 v e 3 ’
B DD=3I{J 3-27 |
P1—10 o i 13—7
1210 IE=D i
2028—1210 SR
e e
13-11
13 2028
By Newton's divided difference interpolation formula, i
f{‘r} = ﬂxﬂ} + ':'T _Ig} tﬁ.l'ﬂ_, I.:} + {I _-TD:I {'r_ IL}J{IE.: -r-l-. .T:.J
+ {x — x) (x - X, ) (x — X, flx, X Xow X,) + L -0
Ht:re.rﬂ—ﬁi,r"ﬂ.r—?,r—lﬂx 11

ﬂrﬂ,:ljxij 15, Alx,, Xy Xy X)) =

Hence using these values in (1), we have

fx) = 43+|{.r—4}52+{x—4}[x—5] 15 +(

@ f12) =48-104490-30=4 | |
A18) = 48+ (4) (52) + (4) (3) 15 + (4) (3) (1) = 4 |

A15) ~43+1r=<sz+|1 <1015+ 11 x

Exa mph: 4: I'I'ﬂ;r} =

Solution : fla, b) = S(b) = f(a)

1_1
s A

10

d

o |

2.6

X = 13 and fix)) = 48; fix. x)=3

x=d)(x=5) (x=T) (1)

*&=3150

:-I’ ind the dlwded dlffﬂmnﬁﬂs Ma, b); ﬁa b, c} ﬂﬂdﬁ."" M]

b=a

b-—g

a’h?

- [a+b] !
a‘h’ |

Ib—a

SNEE B A PR ey



fla, b, c)

similarly fla, b, ¢, d) = —

Example S: Find log, 323 5 i,

Il

(&

L) £

c

aclc —

E} + b{_ﬂ - ﬁ-}{c + 1.".'}

'_ﬂ}

=

+
ﬁli-m

ST gl

!
b? ::;[ﬂ?hér_e}

C—-a

|
bI

a’c?(c— A

1
T b rea

[ﬂl{lf+bcd+gﬂd+abd

Ty T aid)

n

ulbzczdz

(ac? + b2 -a’h ~a’c)
AZ_TO 0 b—a"e)

619

325.0
251188
Solution : Divided Difference Ta ble
X log x lorder 1l order 111 order
divided difference divided difference| divided difference
321 2.50651
2.50893 - 2.50651
LT Ay R
3228 | 2.50893 0
2.51081-2.50893
=0.001]
. 3242 -322 8 LA L
3242 | 251081 | 0
2.51188-2.5108] ~ 0.00134
325.0-3242
3250 | 251188

From the table, Xo =321, x, =322.8, x, = 324.2; x, = 325.0,

fixg) = 2.50651; flxy, x,) = 0.00134, f{x,, x,, x,) = 0 and [ x=3235 |

By Newton's divided difference formula,

fixy = fixg) + (x — xp) flxg, x,) + (x = xp) (x = x) flxg X, x3)
= 2.50651 +(323.5—-321)(0.00134) + 0

= 2.50651 + 0.00334 = 2.50985.
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“Example 61 The Values of ) and x are give

v]5]6 ] s ”] Find the value of y when .= W,
y[12]13]14 16 ]

Solution : From the table
X, =Six =6 v, =%y = 111 fix,) = 120 A% %) = 1 Ay X %,) = = 0,167

A%y X, 3,0 x,) = 0.05 and

The difference table is
X ¥ [ order [I order ilorder |
divided difference | divided difference | divided difference
<! 12
I
6 13 -0.167
032 0.050
¢ | 0.133
1
11 16

By Newton's divided difference formula,
fx) = fxg) + (x - x) fixg, x,) + (x - xp) (x = x,) flxg, x,, x,)

Fe=x5) (0= x,) (x = x) fxy, X, 1, x,)
]'.?+Hﬂ~5]fi]+{}ﬂ-—5}{fﬂ~ﬁj (—D.I-ﬁ?}+{ID——E}(IG—E}{I{}—?H[‘.E:]
= 12+5-3340+
= 14.66

T'hE Uﬂhli':' Al 1 urhaen — — 1A
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e b L ! 1
1T il |
B f
11 7F . LT
1 sl « Ny -
%- 3R |
ban woe o
§ s
T, 24P .
L - M r
441
V-3 '
_:_ -3 "o om 3 l
4 0 tl?__!' - ¥
5-0
1335-0
s.p -
5 1335

.ﬂ—;rllhlf Wi ntm:n-c that fia )~ 1245_}[,‘_ 1) = 404
fla,. X, 5™ 98 Ko x, X 30 - 14 fla 8 a_2_2)=)
iy Newton's divided difference formuls
Ax) = fa)tr-a)fa,a) o -a)te - Mo 0, 0)
I RS W N CIE W ¥ W N
tla=-a il =adle-a )l s fa, 0, 0,0, 0)
= 2454 (a2 4){—AM) = fa = d)ia = Lhi)

ta+ G NG DS

m Yt - Sat e b’ - M -5



